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A C O M B IN A T O R IA L ID EN T IT Y A N D T H E W O R L D SER IES*

TA M ¶A S L EN G Y E L y

A bstract. In thisnotetheauthorgivesa sim pleprobabilisticproofofa com binatorialidentity
bycalculatingthew inningprobability in theW orldSeries.T hewinningprobabilitiesandtheexpected
length ofthecham pionshipseriesaregiven by the applicationsofthe identity and itsgeneralization.
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1.Introduction.W egivea probabilisticproofofa classicalcombinatorialiden-
tity and¯ndthewinning probabilitiesandtheexpectedlength ofW orldSeries{type
gam es.T here are TeamsA and B to play no m ore than 2n¡ 1gam esto decide a
cham pion.Eachsinglegam eendsin notie.T heserulesapplytotheW orldSeriesand
theN B A play{o®saswellwith n= 4.Supposethatin each gam eTeam A (Team B )
hasa probability p(q= 1¡ p)ofwinning andthe outcom esofthe gam esare inde-
pendent.T hewinneristhe¯rstteam to collectn victories.T he length oftheseries
isdenotedby the random variable W n(p):T he expectedlength, E W n(p);ofthe se-
riescan be determ ined by classicalcombinatorialorhypergeom etric sum m ation [2]
if p= 1=2. Forshort, let E W n = E W n(1=2): T he problem ofdeterm ining E W 4
appears, forexample, in [3, Q uestion 3.8.14, p.162] in thecontextoftheusualbest4
of7series.In thisnoteweusea sim plem ethodtocalculateE W n(p):A n asymptotic
formula isgiven forE W n(p)in identity (7).Som erelatedresultshavebeen proven in
[5].

W estartwith theclassicalcombinatorialidentity [2, (5.20)p.167]
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and prove it by calculating the probabilitiesofwinning a particularcham pionship
series. In thisseriesthe winnerteam m ust accum ulate n+ 1victories. A ssum e
that the two team sare equally likely to win in each gam e, i.e.p= q = 1=2: L et
p(n+1;k) denotetheprobability thatTeam A becom esthecham pion afterwinning
the n+ k+ 1st gam e where 0· k < n+ 1:In the ¯rst n+ k gam es, TeamsA
andB accumulaten andk victories, respectively, with probability a(n;k):W ehave
a(n;k)=
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2 a(n;k);thereforeTeam A winswith
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EitherTeam A orB wins;hence the winning probabilitiesmust add up to 1, i.e.,P n
k=0

¡n+k
k

¢
2¡(n+k)= 1:
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W ith littleextra e®ortwecan calculatetheexpectedlength oftheseriesbyusing
identity (1)again.

Theorem 1.T he expectedlength, E W n, oftheseriesis 2n
³
1¡
¡2n
n

¢
2¡2n

´
if

p= q= 1=2.
Proof.B y the previousm ethod, the serieslastsn+ k gam eswith probability¡n+k¡1
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fortheexpectedlengthoftheseries.W eshallusetheidentity (n+k)
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to rewriteequation (3)
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B y identity (1), itfollowsthattheexpectedvalue is 2n
³
1¡
¡2n
n

¢
2¡2n

´
.

Forexam ple, ifn = 4then weget8(1¡ 70
256)= 5:8125gam eson theaverage.In

general, E W n isasym ptotically 2nf1¡ 1p
¼ng:H ence, atthe endoftheseries, the

winning team willcollectn victorieswhiletheotheronewinsasym ptotically n¡ c
p
n

gam es, on theaverage, wherec= 2=
p
¼:N otethatifthenumberN ofgam esis¯xed

in advancethen afterN gam esthetwoteamswillbeasymptotically c
p
N =2victories

apart(cf.[1, Problem 35, p.241]or[6, Putnam 1974, Problem A -4]), on theaverage.
In fact, ifN » E W n then the expectednumberofvictoriesapart isasymptotically
c
p
n aswenoted.
W egeneralizeT heorem 1forarbitraryp.

Theorem 2.Forthe probabilities, PA
n andPB

n ;ofwinning the championship
by T eamsA andB , respectively, andthe expectedlength, E W n(p), oftheseries
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Rem ark.Itfollowsfrom identity (6)that
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1¡ 4x;for jxj< 1=4 (see [2]).Sim ilarly, identities(4)

and(5)im ply thatfor p> q;lim n!1 PA
n = 1andfor p< q;lim n!1 PB

n = 1:
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If p= q= 1=2 then PA
n = PB

n = 1=2:N otice thatthe lim it in identity (7)can be
expressedas1¡ 1

2p ifp¸ 1=2:
Proof.T he probability that the seriesendsat the end ofthe n+ kth gam e is¡n+k¡1
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N ow PA
n +PB

n = 1 which givesa generalization ofidentity (1).O bviously, PA
1 =

pand PB
1 = q:Sim ilarly to theproofofT heorem 1,
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L etE W A
n denotethe¯rstpartofthesum on therighthandsideofequation (8).T he

simplerelation betweenPA
n andE W A

n isgiven by
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W e obtain the relation (4)forPA
n by taking thedi®erencePA

n+1¡ PA
n .T hisstepis

m otivatedby a sim ilarone used in the solution to Problem 44, \winning an unfair
gam e,"in [4]. T hedi®erence expressesthe advantage ofTeam A in the termsofthe
probability ofwinning the cham pionship iftwo extra gam esare played.T hestatus
ofTeam A asa winnerorloserdoesnotdi®erattheendoftheextendedseriesfrom
thatin theoriginalseriesifTeam A hasalready won m orethan n gam es(winner)or
lessthan n¡1gam es(loser)in the¯rst2n¡1gam es.T hedi®erencecom esfrom two
sources.T heprobability thatTeam A becom esthecham pion afterwinningonlyn¡1
ofthe2n¡ 1gam esandthen winning the nexttwo gam eswillincreasethewinning
probability.O n theotherhand, Team A will¯nish astheloserifithasaccumulated
exactly n victoriesandthen itfallsbehindby losing thelasttwo gam es.W eusethe
identity

¡2n
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¢
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T hisyieldsrelation (4)andidentity (5)followssim ilarly.Since
¡
1¡ (p=q+ q=p)=2

¢
=

¡ (p¡q)
2

2pq ;theformula (9)im pliesidentity (6).
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