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A bstract: G iven a coin with headto tailprobability ratio 1to ¸ with integer¸ ¸ 1:L et
T denotethetim e ittakestoreach theheadto tailratior= q=(̧ q+ m ).W eprovethatthe

lim itprobabilityP(T < 1)ofeverreaching thisratioris(̧ +1)=(m +¸+1), asq! 1 and

q andm are co-prim es.A symptotic resultsforthe conditionalexpected tim e E (T jT < 1)
andstandarddeviation ¾(T jT < 1)arealsoderived.A surprisingaspectoftheresultsisthat
thesequantitiesarenotcontinuousfunctionsoftheratior.
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W e°ipa coin.L etX andY denotethenumberofheadsandtails, respectively.Fora balanced

coin it iswellknown thatthe probability ofevervisiting the line Y = X ¡ m is1forany

integerm.Forinstance, ifthelineisreachedwhen Y = n andX = n+m then theprobability

ofthishappening isP(Y = X ¡ m = n)=
¡2n+m

n

¢
=22n+m:Itfollowsthattheprobability that

theline Y = X ¡ m iseverreachedis1[2].In fact, by binom ialidentities[3] weobtain

U m (x)=
1X

n=0

µ
2n+ m

n

¶
x2n+m =

µ
1¡

p
1¡ 4x2
2x

¶ m.p
1¡ 4x2

forjxj< 1=2.T hegeneratingfunctionforthe¯rstreturntoequilibrium isF (x)= 1¡
p
1¡ 4x2;

henceweget U m (x)
¡
1¡ F (x)

¢
=
¡1¡p1¡4x2

2x

¢m
forthegeneratingfunction ofthe¯rstpassage

throughm > 0:Inparticular, ifx= 1=2thenthisyieldsthatthelineY = X ¡m willbereached

with probability 1forevery ¯nite integerm.A pparently, we can also derive theprobability

generating function, Am (x);oftheprobability ofthe ¯rstpassage through m > 0occurring

at°ipn when thecoin showsheadswith probability h in a m oredirectway by applying the

C atalan generatingfunction C (x)= 1¡p1¡4x
2x :In fact,Am (x)= (hx)m

£
C (h(1¡h)x2)

¤m holds,
anditfollowsthat m

n

¡ n
n+m
2

¢
h
n+m
2 (1¡ h)

n¡m
2 isthecoe± cientofxn;n > 0.

W em ightaswellbeinterestedin calculating theprobability ofreaching a given ratio instead

ofa di®erence.O fcourse, theprobability ofreaching ratio one(i.e., a di®erenceofm = 0)is

1fora balancedcoin although theexpectednumberof°ipsneededisin¯nite[2].

W estudytheprobabilityofeverreachinga given(accumulated)headtotailratio,q=p;di®erent

from 1andgiven in lowestterms.W ecan assum ethatq< pastheratiosq=pandp=qcan be
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reachedwith thesam eprobability fora balancedcoin.W eseth= 1=2;r= p+qandu(p;q)=
P 1

n=1

¡rn
qn

¢
2¡rn.T heprobability ofeverreaching theratio q=p isw(p;q)= 1¡ 1

1+u(p;q):L et

gcd(q;m )denotethegreatestcom m on divisorofthepositive integersqandm.

N um ericalevidencesuggeststhatthesecondlargestprobability ofreaching a ratio isaround

2=3 showing a gap between 1 and the second largest probability. T he lim it probability of

reaching theratio q
q+m is 2

2+m asq! 1 andgcd(q;m )= 1asshowedby

Theorem A ([5]). Forevery ¯xm ¸ 1;wehave lim q!1 w(q+ 1;q)= 2=3;andin general,

lim
q!1

gcd(q;m)=1

w(q+ m;q)=
2

2+ m

fora balancedcoin.

T he proof isbased on variousapproxim ation m ethodsapplied to sumsinvolving binom ial

coe± cients.A surprising aspectofthisresultisthattheprobability ofreaching a given ratio

isnota continuousfunction oftheratio.In fact, wecan considertheratios q
q+1 and

q
q+2;and

selecta su± ciently largeoddq:T heratioscan besetarbitrarily closeyettheprobabilitiesof

reaching them willstay apartforw(q+1;q)¼ 2=3andw(q+ 2;q)¼ 1=2:
Foran arbitrary (including an unbalanced)coin leth andt= 1¡ h denote the probability

ofgetting a headanda tail, respectively.T heeventthatthe numberoftailsequals¸ tim es

the numberofheadsispersistent(i.e., itsprobability isone)ifand only ifthe head to tail

probabilityratio,h=t, isequalto1=̧ ([2]).A ccordingly, weextendthestudyoftheprobability

ofreaching the ratio q
¸q+m forany rational¸:N ote that it issu± cientto considerintegral

valuesfor¸.

W e extend T heorem A to coinswith arbitrary head to tailprobability ratiosin Section 2.

Som erelatedproblemsconcerningthetim eittakestoreach thetargetedheadtotailratio are

discussed in Section 3.W e presenta hypergeom etric seriesbasedapproach to theproblems

which enablesusto do exactcalculationsin thelastsection.

2.The case of an arbitrary coin

T heorem A can be extended to unbalanced coins. W e setp= ¸q+ m and determ ine the

asymptoticbehavioroftheprobability ofreaching theratio q
p =

q
¸q+m in

Theorem 1. G iven a coin with headto tailprobability ratio 1to ¸ with integer¸ ¸ 1.For
every ¯xintegerm ¸ 1, the lim itprobability ofreaching the ratio q

¸q+m is ¸+1
m+¸+1 asq! 1

providedgcd(q;m )= 1.
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N ote that thisresult isin agreem ent with T heorem A for¸ = 1;i.e., fora balanced coin.

T hediscontinuity phenom enon doesnotdisappearbutby increasing ¸ the lim itprobability

approaches1.

T he proofofT heorem 1 isa straightforward generalization ofthat ofT heorem A [5]. W e

setr= q+ p= (̧ + 1)q+ m and tn = tn(q;m ;̧ )=
¡rn
qn

¢¡ 1
¸+1

¢qn¡ ¸
¸+1

¢pn, and dē ne the
function U (x)= 1+

P 1
n=1tnx

n:N otethatthecondition on gcd(q;m )playsintotheselection

ofbinom ialterms. B y following [2], U (x) isclosely related to the probability generating

function, F (x), ofthetim eT ittakestoreach thegiven ratioq=pforthe¯rsttim eby identity

F (x)= 1¡ 1=U (x): (1)

(W e can think of T that assum es1 when the ratio isneverencountered in the course of

a particularsequence ofcoin °ips.) C learly, we have F (x)=
P 1

n=0P(T = n)xn and thus

F (1)= P(T < 1):W estudy variouspropertiesofT in Sections3 and4.In theproofswe

approxim atetn to evaluate F (1);F 0(1);andF "(1).

ProofofTheorem 1. W egiveonly a sketch oftheproof.Interestedreadersshouldconsult

theproofofT heorem A in [5]forsim ilardetails.

T herequiredprobability is1¡ 1=
¡
1+
P 1

n=1tn
¢
:W eusetheasym ptotic identity [1]

µ
(a + b)n

an

¶
»(a +b)n(a+b)+1=2

aan+1=2bbn+1=2
1p
2¼n

;asn! 1; (2)

forpositive integers a and b. L et c1(q;m ;̧;n) and c2(q;m ;̧;n) denote bounded func-

tionsofvariablesq;m ;̧ ;and n. B y identity (2) we obtain tn =
³¡ ¸

¸+1
r

r¡q
¢r¡r¡q

¸q

¢q́ n
£

q
r

2q(r¡q)

q
1
n¼

³
1+c1(q;m ;̧;n)1qn

´
:O bservethat

¡ ¸
¸+1

r
r¡q
¢r¡r¡q

¸q

¢q=
¡
1¡ m

(̧ +1)(̧ q+m )

¢r¡1+
m
¸q

¢q»1¡ m 2
2̧ (̧ +1)q and

q
r

2q(r¡q)»
q

¸+1
2̧

1p
q asq! 1:A ssum e thatq islargeenough to

guarantee m 2
2̧ (̧ +1)q < 1:W esetf(n)= 1p

q

¡
1¡ m2

2̧ (̧ +1)q

¢n
p
n .Italso followsthat

tn =

r
¸+ 1
2̧ ¼

f(n)
³
1+ c2(q;m ;̧;n)

1
q

´
:

A n integralequation forthegam m a function [4]yieldsthatforall ® > ¡1
Z 1

0
xe¡xvv®dv=

1
x®

Z 1

0
e¡tt®dt=

1
x®
¡(®+ 1): (3)
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B y setting 1s = 1¡ m 2
2̧ (̧ +1)q andx= lnsitfollowsthat

Z 1

0
f(y)dy=

Z 1

0

1pq
e¡ylnspy

dy=
1pq
(lns)¡®¡1¡(®+ 1); (4)

andin particular, weget 1p
q(lns)

¡1=2p¼ for® = ¡1=2:Euler'ssum m ation formula [4]can be
appliedto approxim ate

P
1·k<nf(k)

X

1·k<n

f(k)=
Z n

1
f(y)dy¡ 1

2
¡
f(n)¡ f(1)

¢
+
Z n

1
B1(fyg)f0(y)dy; (5)

whereB1(y)= y¡1=2andfyg= y¡byc:O bservethatf(n)= o(1)asn! 1 andby identity

(4),
R1
0 f0(y)dy= o

³ R1
0 f(y)dy

´
forany ® > ¡1asq! 1.T heprooffollowsby identities

(4)and(5), andnoting thatlns» m 2
2̧ (̧ +1)q and

P 1
n=1tn »¸+1

m asq! 1:

3.Related problems

Fora coin with headto tailprobability ratio h=t= 1=̧ , theprobability ofencountering the

headtotailratio1to¸ isoneandtheexpectedtim eittakesisin¯nite[2].O ntheotherhand,to

reach otherratios, e.g., q
¸q+m ;m ¸ 1, wegetthattheprobabilityP(T < 1)= F (1)» ¸+1

m+¸+1

asq! 1 by T heorem 1, thusit ispossible to neverencounterthe given ratio.W e restrict

ourinvestigationsto caseswhere the event ofencountering the ratio actually happensand

determ inetheexpectedvalueandstandarddeviation ofT providedT < 1 , i.e., wedealwith
E (T jT < 1)and¾(T jT < 1).

A relatedproblem istodeterm inetheexpectednumberoftim esthegivenratio isencountered.

Forthisproblem we considerthe unconditionalsetting that iswe include the possibility of

no encounter.Itturnsoutthatthisproblem can be reducedto the calculation ofF (1), for

U (1)¡1can be interpretedastheexpectednumberoftim esthatthegiven ratio isreachedin
in¯nitely m any trials[2].In fact, tn can beviewedastheexpectedvalueofa random variable

which equals1or0accordingtowhethertheratio isorisn'treachedin thenth trial.W enote

thatU (1)¡ 1»¸+1
m asq! 1 by theproofofT heorem 1.

Theorem 2. G iven a coin with head to tailprobability ratio 1to ¸ with integer¸ ¸ 1.

Forevery ¯xintegerm ¸ 1, the conditionalexpectedtim e ittakesto reach theratio q
¸q+m is

asymptotically equalto ¸(̧ +1)2

m(m+¸+1)q
2 asq! 1 providedgcd(q;m )= 1.Itsstandarddeviation

isasymptotically equalto ¸(̧ +1)2

m (m+¸+1)

q
2m +¸+1

m q2:
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R em ark.Ifm = ¸ = 1andq! 1 then the expectedtim e and itsstandarddeviation are

asymptotically equalto4q2=3and8q2=3, respectively.

ProofofTheorem 2. T he proofissim ilarto that ofT heorem 1 in which we calculated

F (1)= 1¡ 1=U (1):ForF 0(x)= U 0(x)=U 2(x), the conditionalexpectedvalue can bedeter-

m inedby taking
F 0(1)
F (1)

=
1

F (1)U 2(1)

1X

n=1

¡
(̧ + 1)q+ m

¢
ntn:

A ccordingly, we set f(n) = 1p
q

¡
1¡ m 2

2̧ (̧ +1)q

¢n¡(̧ + 1)q+ m
¢p

n, ® = 1=2;and keep the

dē nition ofs in identity (4).N ote that U0(1)
(̧ +1)q+m »

q
¸+1
2̧ ¼

1p
q

¡
lns
¢¡3=2¡(3=2)» ¸(̧ +1)2q

m 3 :

T heproofcan beconcludedby applying identities(4)and(5).

T he asym ptoticrelation forthestandarddeviation also followsby changing the exponentof

n in thedē nition off(n)andusing (7).

4.Exact calculations

In theprevioussectionsweusedasymptoticestim ationstodeterm inethelim itprobability and

theasym ptoticsoftheexpectedtim e anditsstandarddeviation ofreaching a given ratio.In

thissection weuse a generating function basedm ethodto exactly calculatethesequantities.

W e note, however, thatthese m ethodsdo notseem to help in obtaining the lim itsgiven in

T heorem s1and2.

W ecan usegeneralizedhypergeom etricseriestocarry outsom eofthecalculations.A lthough

wederivetheprobability generating function, F (x), ofreaching thegiven ratio in n stepsfor

the ¯rsttim e im plicitly only, hypergeom etric transform ationswillenable usto calculate all

relevantquantitiesin termsofhypergeom etric series. In particular, the rulesofdi®erential

calculusforhypergeom etric series[3] com e handy in determ ining derivativesofF (x)asthe

derivativesofhypergeom etricseriescan beexpressedin termsofotherhypergeom etricseries.

W enotethattheunderlying hypergeom etricseriesareconvergentin theappliedcases.

A large classofsum scan be expressedashypergeom etric seriesin a canonicalway.In par-

ticular, hypergeom etric serieshave greatrelevance in dealing with sumsinvolving binom ial

coe± cientsandbinom ialcoe± cient identities.R ecentdevelopm entsregarding symbolic and

algebraic m anipulationsofindē nite anddē nite sumsofhypergeom etric termsm ighto®er

surprising sim pli¯cationsforthesesums.
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Exam ple.W e study theproblem ofreaching the headto tailratio 1/2fora balancedcoin.

W e set U (x)= 1+
P 1

n=1

¡3n
n

¢¡x
2

¢3n to obtain the probability generating function F (x)=

1¡1=U (x).Fortheconditionaldistribution ofT wegetP(T = njT < 1)= P(T = n)=F (1);

andfortheconditionalexpectedtim e

E (T jT < 1)= F 0(1)
F (1)

=
U 0(1)

U (1)(U (1)¡ 1): (6)

W etakeE (T 2jT < 1)= P 1
n=0n

2P(T = njT < 1)which can becomputedby applyingthe
identity

P 1
n=0n

2P(T = njT < 1)xn =
¡
x2F "(x)+ xF 0(x)

¢
=F (1):T hisim pliesthat

¾(T jT < 1)=
s

F "(1)+ F 0(1)
F (1)

¡
µ
F 0(1)
F (1)

¶2
(7)

foritsstandarddeviation.

W ecan rewritethebinom ialsum U (x)in itshypergeom etricform.T heterm tn =
¡3n
n

¢¡x
2

¢3n

ishypergeom etricinn;fortn+1=tn = (3n+3)(3n+2)(3n+1)
(2n+2)(2n+1)(n+1)

¡x
2

¢3 = 33
22
¡x
2

¢3(n+13)(n+23)
(n+12)(n+1)

isa rational

function ofn.T hus

U (x)= 2F 1
·
1=3;2=3
1=2

¯̄
¯̄
³x
2

´333
22

¸
=
cos
¡1
3arcsin(

3
4

q
3
2x
3)
¢

q
1¡ 27x3

32

: (8)

Itfollowsthattheprobability ofreaching theratio 1/2is

1¡
µ
2F 1

·
1=3;2=3
1=2

¯̄
¯̄1
23
33

22

¸¶ ¡1
= 1¡

µ
4

r
2
5
cos
¡1
3
arcsin(

3
4

r
3
2
)
¢¶¡1

¼ :573:

W ealsoobtain5.683fortheexpectedtim eby(6)and(8), and5.976 forthestandarddeviation

by (7).N ote that U (1)¡ 1¼ 1:342im pliesthattheratio 1/2isreached1.342tim eson the
average.

In som e specialcases, sim ilarto the one in the Exam ple, the hypergeom etric seriescan be

convertedinto otherfunctionsoften involving sim pli¯cationsandsim pleorspecialfunctions.

In general, the theory ofhypergeom etric sum m ationsm ighto®erfurtherinsight in term sof

closedform s.U nfortunately, thesum
P N

n=1tn can notbeexpressedasa linearcombination

ofa ¯xednumberofhypergeom etric termsaccording to G osper'salgorithm [6].Itdoesnot

exclude the possibility ofconversion to specialfunctions, yet form ore involved exam plesit

m ightbedi± cultto¯nda sim pleform forU (x).H owever, wecan usea sim pli¯cation toavoid

directdi®erentiation seen in theExample.T hisisaccomplishedby thefollowing
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Theorem B ([3]).

d
dx

µ
pF q

·
a1;a2;:::ap
b1;b2;:::bq

¯̄
¯̄x
¸¶

=
Q p

i=1
aiQ q

j=1
bj

pF q

·
a1+ 1;a2+ 1;:::ap+ 1
b1+ 1;b2+ 1;:::bq+ 1

¯̄
¯̄x
¸
:

T he actualcalculationsin orderto determ ineP(T < 1);E (T jT < 1);and¾(T jT < 1)
can becarriedoutby applying T heorem 3to (1), (6), and(7)with x= 1:

Theorem 3. G iven a coin with headto tailprobability ratio 1=̧ with integer¸ ¸ 1:W e

setp = ¸q+ m with an integerm (m ¸ 1 and gcd(q;m ) = 1), c =
¡ 1
¸+1

¢q¡ ¸
¸+1

¢p, and
d= c(q+p)

q+p

qqpp .T heprobability generating function, F (x), ofreaching theratio q=p in n steps

forthe¯rsttim e isF (x)= 1¡ 1=U (x)with hypergeom etric series

U (x)= q+p¡1F q+p¡2

· 1
q+p;:::;

q+p¡1
q+p

1
q;:::;

q¡1
q ;1p;:::;

p¡1
p

¯̄
¯̄dxq+p

¸
:

W e also have

U 0(x)= xq+p¡1(q+ p)c
µ
q+p
q

¶
q+p¡1F q+p¡2

· 1
q+p + 1;:::;

q+p¡1
q+p + 1

1
q+ 1;:::;

q¡1
q + 1;1p+ 1;:::;

p¡1
p + 1

¯̄
¯̄dxq+p

¸

and

U "(x)= (q+ p¡ 1)U
0(x)
x

+

x2(q+p¡1)2(q+ p)2c
µ
2(q+p)
2q

¶
q+p¡1F q+p¡2

· 1
q+p+ 2;:::;

q+p¡1
q+p + 2

1
q+ 2;:::;

q¡1
q + 2;1p +2;:::;

p¡1
p +2

¯̄
¯̄dxq+p

¸
:

N ote thatallthese hypergeom etric serieshaveradii ofconvergence exceeding one.W e om it

the proofofT heorem 3 which isa straightforward application ofT heorem B and binom ial

identities.
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