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R eceived:

A bstract. W eprovea fairly generalconvergencecriterion forsequencessatisfying a linear
recurrence (dē ned by an in¯nite triangularm atrix). W e prove that every sequence of
positive numberssatisfying a nearly convex linearrecurrence with ¯nite retardation and
active predecessorsconvergesto a positive lim it. { Inform ally, nearconvexity m eansthe
coe± cientsarenonnegativeandthesum ofcoe± cientsin each equation isapproxim ately1;
¯niteretardation m eanslow orderterm shave little weight;and active predecessorsm ean
thattheim m ediatepredecessorcarriesa weightgreaterthan a ¯xedpositiveconstant.{ W e
presentan application to the asym ptotic numberofnotnecessarily m axim alchainsin the
partition lattice.T hecoe± cientsofthecorresponding recurrence aretheStirling numbers
ofthesecondkind.

A M S 1980classi¯cation numbers:40A05, 11B 37, 05A 15, 06C 10, 11B 73

1.Introduction

T heuseofrecurrencerelationsisoneoftheclassicalm ethodsin combinatorialenum eration.
Som egeneraltechniques, such asthegenerating function m ethod, arecom m only used, and
adhocm ethodsareknown to handlespeci¯crecurrences.Forgeneralbackground, werefer
thereaderto [15], [6], [11], and [2].C ombinatorialapplicationscan befounde.g.in [1],
[3], [4], [10], and [16].A n im portantapplication area ofthesem ethodsisthe analysisof
algorithms(cf.e.g., [5], [6], [7], [8], [11], [15], and [17]).
V ery seldom doesone¯ndexplicitclosedformula solutionsto enum eration problem s.Itis
m ore com m on thatthe generating function can be determ ined on the basisoffunctional
equationsderivedfrom a recurrencerelation.T here arerem arkable exam pleswhere these
m ethods, in combination with com plexfunction techniques, leadto asym ptotic estim ation
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ofthecoe± cientsofthegenerating function ([13], [14]).
In som ecases, however, generating function techniquesdonotseem tobeparticularly help-
ful.O necase in pointm ay bethenumberZ(n)of(notnecessarily m axim al)chainsin the
partition lattice.L engyel [9] found an explicitfunction f(n)such thatc1f(n)< Z(n)<
c2f(n)holdsforevery n (c1, c2 arepositiveconstants).
In thispaperwegivea fairly generalconvergencecriterion forsequencesdē nedby a linear
recurrence.
A sanapplicationwededucethatthequotientZ(n)=f(n)tendstoa positivelim it.(H owever,
wearenotableto tellthevalueofthatlim it.)

2.Theconvergencecriterion

W e shallconsiderin¯nite sequencesofrealnumbersx(n)satisfying the linearrecurrence
given by a (truncated)in¯nitetriangularm atrix C = fc(n;k)gofcoe± cients:

(2:1)
n¡1X

k=1

c(n;k)x(n¡ k)= x(n) (n¸ N ):

T hisrecurrence isthusassum ed to hold forsu± ciently large n only.Forconvenience we
shallsetc(n;k)= 0fork¸ n.T hroughoutthispaper, c(n;k)willbenon-negative.
T heorem 1below givesa fairly generalconvergence criterion forsequencessatisfying this
linearrecurrence.
F irstwehaveto introducesom eadditionalterm inology.W ecalltherecurrence(2.1)convex
ifitscoe± cientsarenon-negative and itsrow sum sareequalto 1.W ecalltherecurrence
(2.1)nearly convex ifitscoe± cientsare non-negative and itsrow sum sare approxim ately
equalto1in thesenseof 1̀-norm .M oreprecisely, forsu± ciently largen, let

(2:2) °n = ¡1+
1X

k=1

c(n;k) (n = N ;N + 1;:::):

W ecall(2.1)nearly convex, if

(2:3)
1X

n=N

j°nj< 1:

L EM M A 1. L etx(n)bea sequenceofpositivereals,satisfyinga nearlyconvexrecurrence.
T hen thereexistpositiveconstantsc1;c2such that0< c1< x(n)< c2forevery n.
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PR O O F. L et a+ and a¡ be the positive and negative partsofthe reala, i.e. a+ =
(a + jaj)=2 and a¡ = (a ¡ jaj)=2;respectively.
L etA= m axfx(n):1· n< N g:T hen an induction showsthat

x(n)· A
nY

i=N

(1+ °i+) (n¸ N )

andtherighthandside isboundedaccording to condition (2.3).
L etB= m infx(n):1· n < N g:A n analogousargum entshowsthat

lim
n!1

x(n)¸ B
1Y

i= N

(1+ °i¡)> 0:

T hefollowing quantity m easuresthedegree ofretardation oftherecurrence (2.1), i.e.the
directe®ectoflow indextermsx(i)on x(n)in (2.1):

(2:4) ²n;k = 1+ °n ¡
kX

i=1

c(n;i)=
1X

i=k+1

c(n;i):

W esaythattherecurrence(2.1)has¯niteretardation ifthereexistsa constantK such that

(2:5)
1X

k=0

²m +k;k < K

holdsforallsu± ciently largevaluesofm.
W esay thattherecurrence(2.1)hasactivepredecessorsifthereexistsa positiveconstantc
such thatc(n;1)¸ cforevery su± ciently largen.

T H EO R EM 1. L etx(n)be a sequence ofpositive reals, satisfying a nearly convexre-
currencewith ¯niteretardation andactivepredecessors.T hen thesequencex(n)converges
to a positivelim it.

D ISC U SSIO N .W ehaveto com m enton theassum ptions.
T he¯niteretardation condition isquitenatural.Forinstance, itisautom atically satis̄ ed,
ifthecoe± cientsareboundedandeach x(n)isexpressedin term sofa boundednumberof
itspredecessors.
C onsidernow the divergentsequence given by the recurrencex(1)= 1, x(2)= 2, x(n)=
x(n¡2)(n¸ 3).T hisrecurrence isconvexandhas¯niteretardation;itdem onstratesthat
thecondition ofactive predecessorscannotbeom itted.
T he necessity ofthe near-convexity assum ption undercertain conditionsisthe contentof
thefollowingpartialconverseto theT heorem .
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PR O PO SIT IO N .A ssum ethem onotonesequencefx(n)gconvergesto a positivelim it.If
fx(n)gsatis̄ esa recurrence with nonnegative coe± cientsand¯niteretardation, then the
recurrencemustbenearly convex.

PR O O F.B y dē nition,

x(n)°n = ¡x(n)+
1X

i=1

x(n)c(n;i)=
1X

i=1

(x(n)¡ x(n¡ i))c(n;i):

(R ecallthatc(n;i)= 0fori¸ n.) T hisim pliesthat°n hasconstantsign (positive ifx(n)
increases).Furtherm ore, slightly rearranging, we¯nd

x(n)°n =
1X

i=1

i¡1X

j=0

(x(n¡ j)¡ x(n¡ j¡ 1))c(n;i)=
1X

j=0

(x(n¡ j)¡ x(n¡ j¡ 1))²n;j:

C onsequently

1X

n= N

x(n)°n =
1X

m =1

(x(m )¡ x(m ¡ 1))¢
1X

j=m axf0;N ¡mg
²m +j;j:

T he right hand side convergesbecause ofthe ¯nite retardation condition and the m ono-
tonicity ofthex(n).C onsequently, theseries

P 1
n= N x(n)°n isconvergent;andthereforethe

series
P 1

n=N °n isalso convergent.

W econcludethisdiscussionwiththeobservationthateverym onotonesequencex(n)ofreals,
converging to a positive lim it, satis̄ esa nearly convex recurrence with ¯nite retardation
andactivepredecessors.Indeed, setc(n;1)= x(n)=x(n¡ 1), andc(n;i)= 0fori6= 1.T he
conditionsareeasily veri¯ed.
A m oresigni¯cantexampleofa recurrencesatisfying theseconditionswillbegiven in Sec-
tion 3.
In view ofthese com m ents, the following question seemsnatural.D oesevery sequence of
positive reals, converging to a positive lim it, satisfy a nearly convexrecurrence with ¯nite
retardation andactivepredecessors?

PR O O F O F T H EO R EM 1. F irstweobservethatforevery n, 0< c1 < x(n)< c2for
som econstantsc1 andc2, according to L em m a 1.
A notherprelim inary observation isthefollowing.

C L A IM 1.T hereexistsa positiveconstantK 1such thatforevery su± ciently largem ,

(2:6) E (m ):=
1Y

j=m+1

¡
1¡ ²j;j¡m

1+ °j

¢
¸ K 1:
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PR O O F.W em ay assum ethat1> °j > ¡1=2forj¸ m +1.B y the\activepredecessors"
condition, wem ay assum ec(j;1)¸ c> 0forallj¸ m + 1.Itfollowsthat

1¡ ²j;j¡m
1+ °j

=
1

1+ °j

j¡mX

i=1

c(j;i)¸ c(j;1)
1+ °j

> c=2:

N oting that1¸ 1¡ x¸ c=2> 0implies1¡ x¸ exp(¡c0x)forsom e constantc0> 0, we
inferthat

E (m)¸ exp
¡
¡c0¢

1X

j=m +1

²j;j¡m
1+ °j

¢
¸ exp

¡
¡2c0¢

1X

j=m+1

²j;j¡m
¢
¸ exp(¡2c0K )=:K 1:

In thelastinequalitywem adeuseofthe\¯niteretardation" condition(2.5).T hisconcludes
theproofofC laim 1.

N extweoutlinethestrategy oftheproofofT heorem 1.
L etM bean arbitrary positiverealsuch that

0< M < lim
n!1

x(n):

W e shalldē ne an increasing sequence ofintegersni and an increasing sequence ofnon-
negative reals ī such that ni ! 1 and ī ! 1(asi! 1) and forevery i¸ 0and
n > ni

(2:7) x(n)¸ īM :

T hiswillim ply lim n!1 x(n)¸ M :
Sincethiswillholdforany M < lim n!1 x(n);weshallhave

lim n!1 x(n)= lim n!1 x(n)= lim n!1 x(n)

proving T heorem 1.
W edē ne ī asfollows.Sinceweare atliberty to increasethevalueofN a ¯nite number
oftim es, letN be an integergreaterthan alltheboundsim pliedby previous\su± ciently
large" statem ents, including C laim 1.L et¡ =

Q 1
j= N (1+ °¡k)> 0.Set

ī= 1¡ (1¡ K 1¡=2)i;

wherethe(sm all)positivevalueK 1 istaken from C laim 1.
W esetn0= 0anddē netheni inductively fori¸ 1.Forn¸ k, set¢ (n;k)= ²n;n¡k¡°¡n.
Forevery k, thenon-negativeseries

P 1
n=k¢ (n;k)convergesby theconditionsofnearcon-

vexity and¯niteretardation.G iven ni, letusselectni+1 > nisuch that

(2:8) x(ni+1)¸ M ;
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and

(2:9)
1X

n=ni+1

¢ (n;ni)< (1¡ ī)K 1¡=2:

In addition, weselectn1such thatn1 > N .

C L A IM 2.W ith thesechoicesofthesequencesniand ī, inequality (2.7)holdsforevery
i¸ 0andn¸ ni.

PR O O F.O bservethat 0̄= 0, so fori= 0, inequality (2.7)holdsvacuously forevery n.
W eproceedby induction on i.Supposeinequality (2.7)holdsfora particulari;weprove it
fori+ 1.
Form ¸ n letusset

xnm = m infx(n);:::;x(m )g:

T heinductivestepisbasedon thefollowing observation.Forn¸ ni+1, therecurrence(2.1)
im plies

x(n)¸ fc(n;1)x(n¡ 1)+:::+ c(n;n¡ ni+1)x(ni+1)g+
+ fc(n;n¡ ni+1+ 1)x(ni+1¡ 1)+:::+ c(n;n¡ ni)x(ni)g

andtherefore

x(n)¸ (1+ °n ¡ ²n;n¡ni+1)x
ni+1
n¡1+ (²n;n¡ni+1¡ ²n;n¡ni)̄ iM :

A sim plerearrangem entyields

x(n)¡ īM ¸
¡
xni+1n¡1 ¡ īM

¢
(1+ °n ¡ ²n;n¡ni+1)+ īM (°n ¡ ²n;n¡ni)

¸
¡
xni+1n¡1 ¡ īM

¢
(1+ °¡n)

¡
1¡ ²n;n¡ni+1

1+ °n

¢
¡ īM (²n;n¡ni¡ °¡n )

=
¡
xni+1n¡1 ¡ īM

¢
¡(n;ni+1)¡ īM ¢ (n;ni);

wherefork¸ j

(2:10) ¡(k;j)= (1+ °¡k)
¡
1¡ ²k;k¡j

1+ °k

¢
:

From thisweobtain forn¸ ni+1by induction on n that

(2:11) x(n)¡ īM ¸
¡
x(ni+1)¡ īM

¢ nY

k=ni+1+1

¡(k;ni+1)¡ īM ¢
nX

k=ni+1+1

¢ (k;ni):
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C onsequently, forn¸ ni+1wehave(noting thatni+1 > N hence C laim 1applies)

x(n)¡ īM ¸ (M ¡ īM )¡E (ni+1)¡ īM ¢
1X

k=ni+1+1

¢ (k;ni)

¸ M (1¡ ī)¡K 1¡ M (1¡ ī)¡K 1=2

= M (1¡ ī)¡K 1=2= M (̄ i+1¡ ī);

hencex(n)¸ ī+1M , asrequired.T hiscom pletesthe proofofC laim 2 and thereby the
proofofT heorem 1.

It wouldbe ofinterestto know how fastthe sequence x(n)converges. Ifx(n)converges
rapidly then onecan getan estim ateon theunknown lim itby num ericalcalculations.

3.A n application

In thissection we present an application ofT heorem 1to the partition lattice.In [9] we
studiedthenumberZ(n)ofthenotnecessarily m axim alchainsfrom 0to1in thepartition
lattice Eq(n)ofan n-set.T he lattice Eq(n)hasm inim alelem entff1g;f2g;:::;fngg and
m axim alelem entff1;2;:::;ngg:Itiseasy to see[9]thatZ(n)satis̄ estherecurrence

(3:1) Z(n)=
n¡1X

k=1

S(n;k)Z(k); n¸ 2;

where S(n;k)denotestheStirling numberofthesecondkind, i.e.thenumberofpartitions
into k nonempty partsofa setofn elem ents.

O necan easily derivethefunctionalequation

(3:2) 2Z(x)= Z(ex¡ 1)+x

forthe(divergent)exponentialgenerating function

(3:3) Z(x)=
1X

n=1

Z(n)
xn

n!
;

butwewereunableto m akeuseofthisformula.
W elistthevaluesofZ(n)forn· 12:

n = 1 2 3 4 5 6 7 8
Z(n)= 1 1 4 32 436 9012 262760 10270696

n = 9 10 11 12
Z(n)= 518277560 32795928016 2542945605432 237106822506952
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T hese valueshavebeen obtainedusing equation (3.1)andthe M A C SY M A system .Equa-
tion (3.2), however, hasledusnowhere, therefore we have chosen anotherapproach in [9]
to analyzetheasym ptoticorderofm agnitudeofZ(n).L et

(3:4) f(n)= (n!)2(2ln2)¡nn¡1¡(ln2)=3:

In [9](T heorem 1.1)wehaveshown thatthereexistpositiveconstantsC 1andC 2such that

(3:5) C 1· Z(n)=f(n) · C 2:

H ereweprovethefollowing strongerversion.

T H EO R EM 2. T hefollowing lim itexists:

(3:6) lim
n!1

Z(n)=f(n)= C ;

where C isa positiveconstant.

R EM A R K .A lthough ourproofofT heorem 2doesnotsuggestany valueforthelim it, we
notethatnum ericalevidenceappearstosuggestthatitisslightly greaterthan 1.

n = 1 2 3 4 5
Z(n)=f(n)= 1.38629 1.12780 1.14468 1.13061 1.12426

n = 10 50 100 150 200
Z(n)=f(n)= 1.11147 1.10123 1.09996 1.09953 1.09932

W epropose, asan open problem , theapproxim atecalculation ofthelim it.

PR O O F. W e will use T heorem 1. L et us consider the norm alized form Z¤(n) =
Z(n)2n=(n!)2 instead ofthe rapidly growing Z(n). T he function Z¤(n)satis̄ esthe re-
currence

(3:7) Z¤(n)=
n¡1X

k=1

a(n;k)Z¤(n¡ k);

where a(n;k)= S(n;n¡ k)2k=[n]2k and [n]k = n(n¡ 1):::(n¡ k+ 1):W e sety(n)=
(ln2)¡nn¡1¡(ln2)=3;x(n)= Z¤(n)=y(n)= Z(n)=f(n) and c(n;k)= a(n;k)y(n¡k)=y(n):
W ith thisnotation, thepositivesequencex(n)satis̄ estherecurrence(2.1)forn¸ 2(sowe
m aysetN = 2).W eshallverifythattherecurrence(2.1)given bythesecoe± cientssatis̄ es
theconditionsofT heorem 1.T hiswillguaranteethata positivelim itlim n!1 Z(n)=f(n)=
lim n!1 = Z¤(n)=y(n)exists, asrequired.
W eshallneedthreelem m asfrom [9]:
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L EM M A A . (L em m a 2.2, [9])

(3:8)
n¡1X

k=1

a(n;k)y(n¡ k)= y(n)(1+ O (1=n2)):

L EM M A B . (L em m a 3.1', [9]) T here isan absoluteconstantC 00such thatfork4< n

(3:9)
¯̄
¯̄a(n;k)¡ 1

k!

¯̄
¯̄< C 00

1
k!

k2

n
:

(A ctually, L em m a 3.1'in [9]statesa strongerresult, which includesthesecondterm ofthe
asymptoticexpansion.W eshallnotneedthis¯nerestim atehere, butitshouldbepointed
outthatweuse itim plicitly through L em m a A , theproofofwhich dependson it.)

L EM M A C . (L em m a 3.2', [9]) Foreach k in the interval 3lnn=ln lnn < k· n¡ 1;we
have

(3:10) a(n;k)< 1=n2:

W ecan easily check condition (2.3)ofT heorem 1.C learly,

(3:11) x(n)=
n¡1X

k=1

c(n;k)x(n¡ k):

From L em m a A wehave
n¡1X

k=1

c(n;k)= 1+ °n

where°n = O (1=n2).T he coe± cientsbeing non-negative, thisprovesthatourrecurrence
isnearly convex.
U sing thedē nition ofy(n), wecan expressc(n;k)as

(3:12) c(n;k)=
½
a(n;k)(ln2)k(1¡ k=n)f; fork:1· k· n¡ 1
0; fork¸ n

wheref = ¡1¡ (ln2)=3= ¡1:231:::. In particular, lim n!1 c(n;1)= ln2> 0, verifying
the active predecessors.
To com pletetheproof, wehaveto verify the¯niteretardation condition (equation (2.5)).
W ehaveto provethatthesums

Sm :=
1X

k=0

²m+k;k =
1X

k=0

1X

i=k+1

c(m + k;i)
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(m ¸ N )areuniform ly bounded.
W e observe that forsom e constant C 1 we have a(n;k)< C 1 forevery n;k;furtherm ore
f > ¡2;hencec(n;i)· C 1(ln2)i(1¡ i=n)¡2· C 1(ln2)i(i+1)2(becauseeithern¸ i+1or
c(n;i)= 0).
C onsequently,

Sm =
1X

i=1

i¡1X

k=0

c(m + k;i)·
1X

i=1

C 1(ln2)ii(i+ 1)2:

T herighthandsideofthelastequation is¯niteandindependentofm.
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