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1.IN T R O D U C T IO N

W eprovethattheorderofdivisibilitybyprim epofk!S(a(p¡ 1)pq;k)doesnotdepend
on a andq ifq issu± ciently large andk=p isnotan odd integer.H ere S(n;k)denotes
theStirling numberofthesecondkind;i.e., thenumberofpartitionsofa setofn objects
intoknonemptysubsets.T heproofisbasedon divisibility resultsforp-sectedalternating
binom ialcoe± cient sum s. A fairly generalcriterion isalso given to obtain divisibility
propertiesofrecurrentsequenceswhen thecoe± cientsfollow som edivisibility patterns.
T hem otivation ofthepaperisto generalizethe identity [8]

º2(k!S(n;k))= k¡ 1; 1· k· n; (1)

whereS(n;k)denotestheStirlingnumberofthesecondkind, andn = a2q;a isodd, and q
issu± ciently large (forexam ple, q ¸ k¡ 2su± ces). H ere ºp(m )denotesthe orderof
divisibility by prim epofm , i.e., thegreatestintegeresuch thatpedividesm.Itisworth
noting therem arkablefactthattheorderofdivisibility by 2doesnotdependon a andq
ifq issu± ciently large.W ewillclarify laterwhatvalue islargeenough.
O urobjective in thispaperisto analyze ºp(k!S(n;k))foran arbitrary prim ep. It

turnsoutthatidentity (1)can begeneralizedtocalculatetheexactvalueofºp(k!S(n;k))
ifn= a(p¡ 1)pq and k isdivisibleby p¡ 1:T hem ain resultofthispaperis
T heorem 1: Ifn= a(p¡ 1)pq;1 · k · n;a and q are positive integerssuch that
(a;p)= 1;q issu± ciently large, andk=pisnotan oddinteger, then

ºp(k!S(n;k))=
¹
k¡ 1
p¡ 1

º
+ ¿p(k);

where¿p(k)isa nonnegative integer.M oreover, ifk isa m ultipleofp¡ 1then ¿p(k)= 0:

H erebxcdenotesthegreatestintegerfunction.N otethattheorderofdivisibility byp
ofk!S(a(p¡ 1)pq;k)doesnotdependon a andq ifq issu± ciently large.Forinstance,

¤partially supported by N SF grantD M S-9622456



2

we m ay choose qsuch thatq > k
p¡1¡ 2in thiscase.N um ericalevidence suggeststhat

thecondition on them agnitudeofqm ay berelaxedanditappearsthatn¸ ksu± cesin
m any cases(cf.[8]).

T he case excludedby T heorem 1, in which k=p isan odd integer, behavessom ewhat
di®erently:

T heorem 2:Foranyoddprim ep, if k=p isan oddintegerthenºp(k!S(a(p¡ 1)pq;k))>
q.

In Section 2weprovea fundam entallem m a:Ifn= a(p¡ 1)pq then

(¡1)k+1k!S(n;k)´ G p(k)(m odpq+1); (2)

where
G p(k)=

X

pji

µ
k
i

¶
(¡1)i:

A llofourdivisibilityresultsfortheStirlingnumbersareconsequencesofdivisibilityresults
forthealternatingbinom ialcoe± cientsum sG p(k),whichareofindependentinterest.T he-
orem 2isan im m ediateconsequenceof(2), sinceifk=pisan oddinteger, thecorresponding
binom ialcoe± cientsum is0.
ToproveT heorem 1, weprovetheanalogousdivisibility resultforG p(k).T heproofis

presentedin Section 2, anditcombinesnumber-theoretical, combinatorialandanalytical
argum ents.B y an application ofEuler'stheorem , weprove(2).W ethen apply p-section
ofthebinom ialexpansion of(1¡ x)k to expressG p(k)asa sum ofp¡ 1term sinvolving
rootsofunity.W etakea closerlook atthissum from di®erentperspectivesin Sections3
and4andgive a com prehensivestudy ofthespecialcasesp= 3 and5:W e choose two
di®erentapproachesin thesesections:weillustratetheuseofrootsofunity in thecase in
which p= 3, andforp= 5we use known resultsrelating G 5(k)to F ibonacci and L ucas
numbers.
W e outline a generating function based m ethod to analyze the sum in term sof a

recurrentsequencein Section2.A fairlygenerallem m a (L em m a 7)isalsogiven in orderto
providethefram ework forprovingdivisibility properties.T hereaderm ay ¯ndita helpful
toolin obtaining divisibility propertiesofrecurrentsequenceswhen thecoe± cientsfollow
som edivisibility patterns(e.g., [1]).T helem m a complem entspreviousresultsthatcan be
found, forexample, in [11]and[13].T heorem 1followsby an application ofL em m a 7.A
sim ilarapproach yields

T heorem 3:Forany oddprim epandany integert,

X

í t (m od p)

µ
k
i

¶
(¡1)i´

(
(¡1) k

p¡1¡1p
k

p¡1¡1 (m od p
k

p¡1); ifk isdivisibleby p¡ 1,
0 (m od pb k

p¡1c);otherwise.
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F leck [4] and K apferer[7] proved the second part ofT heorem 3, and L undell[10]
obtained the ¯rstpart(T heorem 1.1(ii)). L undellhasonly indicated thatthe proofis
basedon a tediousinduction on b k

p¡1c.The caset= 0, k = p(p¡ 1)ofT heorem 3 was
proposedasan A m erican M athem aticalM onthly problem by Evans[3].

T heproofsofL em m a 7andT heorem 3aregiven in Section 5in which an application
ofT heorem 3 isalso presentedto prove itsgeneralization:

T heorem 4: L etpbe an oddprim e andletm be an integerwith 0· m · m in(k;p)
such thatr= k¡m

p¡1 isan integer.W esetr´ r0(m odp)with 1· r0· p:Ifr0̧ m then
forany integert,

X

í t (m od p)

µ
k
i

¶
(¡1)iim ´ (¡1)m+k¡m

p¡1¡1
µ
k
m

¶
m !p

k¡m
p¡1¡1 (m odp

k¡m
p¡1+ºp

¡
(km)m !

¢
):

Forexam ple, itfollowsthat
P

í t (m od 17)

¡135
i

¢
(¡1)ii7´

¡135
7

¢
7!177 (m od178);inde-

pendently oft.H erewehavem = 7andr0= r= 8.
T heorem 4 isa generalization ofT heorem 1.7 of[10]. N ote that the conditionsof

T heorem 4arealwayssatis̄ edform = 0and1providedp¡ 1jk¡ m.T hetheorem can
begeneralizedto thecase in which p= 2andm = 0or1, also (seealso [8]), e.g.,

X

2ji

µ
k
i

¶
=
X

26ji

µ
k
i

¶
= 2k¡1:

Som econjectureson ¿p(k)arediscussedattheendofthepaper.

2.T O O L S A N D T H E G EN ER A L C A SE

L em m a 5:Ifn = a(p¡ 1)pq then

(¡1)k+1k!S(n;k)´
X

pji

µ
k
i

¶
(¡1)i (m odpq+1): (3)

Proof:B y a well-known identity fortheStirling numbers[2, p.204], wehave

k!S(n;k)=
kX

i=0

µ
k
i

¶
in(¡1)k¡i´

X

p6ji

µ
k
i

¶
in(¡1)k¡i (m odpn):

Forn = a(p¡ 1)pq and (i;p)= 1, wehave

in ´ 1(m odpq+1)
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by Euler'stheorem .N oticethatn¸ q+ 1:B y thebinom ialtheorem , weobtain

(1¡ 1)k =
X

pji

µ
k
i

¶
(¡1)i+

X

p6ji

µ
k
i

¶
(¡1)i;

thereforewehave

k!S(n;k)´
X

p6ji

µ
k
i

¶
(¡1)k¡i= (¡1)k

X

p6ji

µ
k
i

¶
(¡1)i

= (¡1)k+1
X

pji

µ
k
i

¶
(¡1)i (m odpq+1):

L em m a 6:Forany oddprim ep, ifk isan oddmultipleofpthen

X

pji

µ
k
i

¶
(¡1)i= 0:

Proof:T heterms
¡k
i

¢
(¡1)iand

¡ k
k¡i
¢
(¡1)k¡icancelin (3).

T heorem 2isan im m ediateconsequenceofL em m as5and6.W enotethatby multi-
section identities([12, p.131]or[2, p.84]),

X

m ji

µ
k
i

¶
(¡1)i= 1

m

m ¡1X

t=1

(1¡ !t)k; (4)

where ! = exp(2¼i=m) isa prim itive mth root ofunity. To illustrate the use ofthis
identity, wenotethatidentity (1)followsim m ediately ifwesetm = p= 2:identities(3)
and(4)with != ¡1, im ply that

k!S(n;k)´ (¡1)k+12k¡1 (m od2q+1)

ifq> k¡ 2. T hewaysofim proving thislowerboundon qhavebeen discussedin [8].
In thegeneralcase, weset

G m (k)=
X

m ji

µ
k
i

¶
(¡1)i: (5)

Forexample, forany prim e p, we have G p(k)= 1for0· k < p, and G p(p)= 0:B y
identity (3), wegetthat

k!S(a(p¡ 1)pq;k)´ (¡1)k+1G p(k)(m odpq+1) (6)
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holdsforallq> 0:
N ow we are going to determ ine the generating function ofG p(k)in identity (8)and

deducerecurrence(9).A napplicationofL em m a 7tothisrecurrencewillim plytherequired
divisibility properties.Forany oddm , weobtain

1X

k=0

2
4X

mji
(¡1)i

µ
k
i

¶3
5 xk =

X

m ji
(¡1)i xi

(1¡ x)i+1

=
1X

j=0

(¡1)m j xmj

(1¡ x)mj+1

=
1

1¡ x

µ
1¡ (¡x)m

(1¡ x)m

¶ ¡1

=
(1¡ x)m ¡1

(1¡ x)m + xm
= 1+ x

(1¡ x)m¡1¡ xm¡1

(1¡ x)m +xm
:

(7)

W enotethatan alternativederivation ofidentity (7)followsby binom ialinversion [5].
From now on pdenotesan oddprim e.In som ecasesthediscussion can beextendedto

p= 2, aswillbepointedout.
W esetm = pandsubtract1from both sidesof(7), to yield

1X

k=1

G p(k)xk = x
(1¡ x)p¡1¡ xp¡1

(1¡ x)p+xp
: (8)

W eadopttheusualnotation [xk]f(x)to denotethecoe± cientofxk in theform alpower
seriesf(x). Ifwe m ultiply both sidesof(8)by the denom inatorofthe right-hand side
and equate coe± cients, we get a usefulrecurrence that helpsusin deriving divisibility
properties.N otethattherightside isa polynom ialofdegreep¡ 1.Fork¸ p;weobtain
thatthecoe± cientofxk iszero;i.e.,

[xk]
¡
(1¡ x)p+ xp

¢ 1X

i=1

G p(i)xi= 0:

Itfollowsthat
p¡1X

i=0

(¡1)i
µ
p
i

¶
G p(k¡ i)= 0;

i.e.;

G p(k)= ¡
p¡1X

i=1

(¡1)i
µ
p
i

¶
G p(k¡ i): (9)
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R em ark:N otethatforp= 2, identity (8)hasa slightly di®erentform asitbecom es

1X

k=1

G 2(k)xk =
x

1¡ 2x;

andwecan easily deducethatG 2(k)= 2k¡1which agreeswith º2(k!S(n;k))= k¡ 1:
T hecalculation ofG p(k)ism orecom plicatedforp> 2.H owever, wecan ¯nda lower

bound on ºp(G p(k)) and e®ectively compute G p(k)(m odpºp(G p(k))+1) ifp¡ 1 jk by
m aking som eobservationsaboutidentity (9). W eshallneedthefollowing generalresult:

L em m a 7:L etpbe an arbitrary prim e.A ssum e thatthe integralsequence ak satis̄ es
therecurrence

ak =
dX

i=1

biak¡i; k¸ d+ 1;

andthatforsom e nonnegative integerm , ºp(ad)= m ¸ 0andthe initialvaluesai;i=
1;2;:::;d¡1;arealldivisiblebypm:L etºp(bd)= r¸ 1andsupposethatthecoe± cients
bi (i= 1;2;:::;d¡ 1)are alldivisible by pr:W e write ad = ®pm and bd = ¯pr;and
setf(k)= fp(k;m;r)= m +

¥k¡1
d

¦
r.T hen ºp(ak)¸ f(k); andequality holdsifdjk:

M oreover, forany integert¸ 1, wehave

atd´ ®¯t¡1pm+(t¡1)r (m odpm+tr):

A ccording to thelem m a, there isa transparentrelation between thelowerboundf(k)
on ºp(ak)andtheparam etersºp(ad);ºp(bd);anddprovidedº(ai)¸ m andºp(bi)¸ rfor
i= 1;2;:::;d¡ 1:
W eprove L em m a 7in Section 5.W ith itshelp, wecan now proveT heorem 1.

ProofofT heorem 1:B y identity(5), wehave ai= G p(i)= 1, fori= 1;2;:::;p¡1,
and by identity (9), bi = (¡1)i+1

¡p
i

¢
fori= 1;2;:::;p¡ 1;therefore, ºp(ai) = 0and

ºp(bi)= 1:W e apply L em m a 7with d= p¡ 1;m = 0;r= 1;® = 1;̄ = ¡1;ands= 2;
andget

G p(k)= ak ´
(
(¡1) k

p¡1¡1p
k

p¡1¡1 (m od p
k

p¡1); ifk isdivisibleby p¡ 1,
0 (m od pb k

p¡1c);otherwise.
(10)

Itfollowsthatºp(ak)¸ k
p¡1¡1;andequality holdsifandonly ifp¡1jk:W edē ne¿p(k)

by¿p(k)= ºp(ak)¡bk¡1p¡1c:B y identities(6)and(10), itfollowsthatforallq> ºp(ak)¡1,
ºp(k!S(n;k))= ºp(ak), which concludestheproofofT heorem 1.

In thenexttwo sections, westudy thecasesp= 3andp= 5in detail.



O N T H E O R D ER O F ST IR L IN G N U M B ER S 7

3.A N A PPL IC A T IO N , p= 3

W esetm = p= 3and!3= 1:B y identities(3)and(4), wehave

X

3ji

µ
k
i

¶
(¡1)i= 1

3
¡
(1¡ !)k+ (1¡ !2)k

¢
=
1
3
(1¡ !)k

¡
1+ (1+ !)k

¢
: (11)

N otethat1+!= ¡!2;and(1¡!)2= 1¡2!+!2= ¡3!:T hereforeidentity(11)im plies

X

3ji

µ
k
i

¶
(¡1)i= 1

3
(1¡ !)k

¡
1+ (¡!2)k

¢
=
1
3
(¡3!)k=2

¡
1+ (¡!2)k

¢
: (12)

For6 jk we get 13(¡3!)k=22= (¡1)k=22¢3k=2¡1, yielding º3(k!S(n;k))= k=2¡ 1 for
q> k=2¡ 2:
Fork even and 36j k; by identity (12) we have (¡1)k=23k=2¡1!k=2(1+ !2k) =

(¡1)k=23k=2¡1(!k=2+ !¡k=2)= (¡1)k=2+13k=2¡1;since!k=2+!¡k=2= !+!¡1= ¡1in
thiscase.

W e are leftwith casesin which k isodd.Fork oddand 36j k we have two cases.
Ifk ´ 1(m od6);say k = 6l+ 1 forsom e integerl¸ 0, then by identity (11)we
obtain 1

3(1¡!)6l(1¡ !)
¡
1+(¡!2)6l+1

¢
= 1
3(¡3!)3l(1¡ !)(1¡ !2)= (¡3)3l= (¡3)k¡12 :

Ifk ´ 5(m od6);say k = 6l+ 5 forsom e integerl¸ 0, then by identity (11)we
obtain 1

3(1¡!)6l(1¡!)5
¡
1+(¡!2)6l+5

¢
= 1
3(¡3!)3l(1¡!)5(1¡!)= 1

3(¡3)3l(¡3!)3=
(¡1)k+12 3k¡12 :
In sum m ary, weget

T heorem 8:Forq>
¥k¡1
2

¦
¡ 1;k> 0;andk 6́ 3(m od6);wehave

º3(k!S(2a3q;k))=
¹
k¡ 1
2

º
:

R ecallthatifk=3isan oddinteger, then º3(k!S(n;k))> q by T heorem 2.

4.A N A PPL IC A T IO N , p= 5

Forp = 5, we can use the fact that G 5(k)can be expressed explicitly in termsof
F ibonacci orL ucasnumbers, with the form ula depending on k m odulo 20, asshown by
H oward and W itt [6]. (The F ibonacci numbersF n are given by F0= 0, F 1 = 1, and
F n = F n¡1+ F n¡2 forn ¸ 2.T he L ucasnumbersL n satisfy the sam e recurrence, but
with the initialconditionsL 0= 2and L 1= 1.)
T hepowerof5dividing a F ibonacci orL ucasnumberisdeterm inedby thefollowing

result[9]:
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L em m a 9:Foralln¸ 0wehave º5(F n)= º5(n).O n theotherhand, L n isnotdivisible
by 5forany n.

T heorem 10:Ifk´ 5 (m od10)then G 5(k)= 0.Ifk 6́ 5(m od10)then

º5
¡
G 5(k)

¢
=
¹
k¡ 1
4

º
+¿5(k);

where

¿5(k)=

8
><
>:

º5(k+ 1); ifk´ 9(m od20)
º5(k); ifk´ 10(m od20)
º5(k+ 2); ifk´ 18(m od20)
0; otherwise.

(13)

Proof:From a resultofH owardandW itt[6, T heorem 3.2], we¯ndthatthevalueof
5¡b(k¡1)=4cG 5(k)isgiven by thefollowing table:

km od20 0 1 2 3 4
5¡b(k¡1)=4cG 5(k) 2L k=2 F (k+1)=2 F k=2+1 L (k¡1)=2 L k=2¡1

km od20 5 6 7 8 9
5¡b(k¡1)=4cG 5(k) 0 ¡F k=2¡1 ¡L (k¡1)=2 ¡L k=2+1 ¡F (k+1)=2

km od20 10 11 12 13 14
5¡b(k¡1)=4cG 5(k) ¡2F k=2 ¡L (k+1)=2 ¡L k=2+1 ¡F (k¡1)=2 ¡F k=2¡1

km od20 15 16 17 18 19
5¡b(k¡1)=4cG 5(k) 0 L k=2¡1 F (k¡1)=2 F k=2+1 L (k+1)=2

T heresultthen followseasily from L em m a 9.

W e can now easily derive ourm ain result on the divisibility ofStirling numbersby
powersof5.

T heorem 11:Ifn isdivisibleby 4¢5q, whereq issu± ciently large, andk 6́ 5 (m od10),
then

º5
¡
k!S(n;k)

¢
= º5

¡
G 5(k)

¢
=
¹
k¡ 1
4

º
+ ¿5(k);

where¿5(k)isgiven by (13).

Proof:A pply L em m a 5to T heorem 10.

N ote that in T heorem 11any q exceeding º5(k!S(n;k))¡ 1willsu± ce;forinstance,
wecan selectthelowerbound

¥k¡1
4

¦
+ ¿5(k)¡ 1:
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O urproofofT heorem 10doesnotgeneralize to otherprim es, so wem ention another
approach thatin principledoesgeneralize, though itisnoteasytoapply ittoprim eslarger
than 5.
T hebasicidea istop-sectthegeneratingfunctions

P
kG p(k)xk.IfA(x)= N (x)=D (x),

whereN (x)andD (x)arepolynom ials, then wecan determ ineallofthep-sectionsofA(x)
by multiplying the num eratorand denom inatorofA(x)by D (!x)D (!2x)¢¢¢D (!p¡1x),
where! isa prim itivepth rootofunity:sinceD (x)D (!x)¢¢¢D (!p¡1x)isinvariantunder
substituting !x forx, itm ustbe a polynom ialin xp.Forexample, we ¯nd in thisway
that 1X

k=1

G 3(k)xk = x
(1¡ x)2¡ x2

(1¡ x)3+ x3
=

x+ x2¡ 3x4¡ 9x5¡ 18x6
1+27x6

(14)

and 1X

k=1

G 5(k)xk = x
(1¡ x)4¡ x4

(1¡ x)5+ x5
=

N 5(x)
1+ 54x10+55x20

; (15)

where

N 5(x)= x+ x2+ x3+ x4¡ 5x6 ¡ 20x7¡ 55x8¡ 125x9¡ 250x10+ 175x11

¡ 100x12¡ 375x13¡ 375x14+500x16 + 625x17¡ 1250x19¡ 2500x20:
(16)

O fcourse, oncewehavefoundtheseformulas, by whateverm ethod, they m ay be im m edi-
ately veri¯ed.
W enotethatin both ofthesegenerating functionsthedenom inatorisactually a poly-

nom ialin x2p ratherthan just in xp, and it isnotdi± cultto show thatthisistrue in
general.
From (14) we can im m ediately derive a formula forG 3(k). W ith som ewhat m ore

di± culty onecan use(15)and(16)todeterm inetheexactpowerof5dividing G 5(k)and
thereby givea di®erentproofofT heorem 10.

5.T H E PR O O F S O F L EM M A 7, T H EO R EM 3, A N D T H EO R EM 4

W epresenttheproofsofsom elem m asandtheoremsthatwerestatedin Section 2.

ProofofL em m a 7:W eprovethatthefollowing two assertionshold, by induction
on k:

(i) ºp(ak)¸ f(k)
(ii) Ifk= td, wheretisa positive integer, then ak´ ®¯t¡1pm +(t¡1)r (m odpm+tr).
N otethat(ii)im pliesthatºp(ak)= f(k).

If1· k · d, then these assertionsare consequencesofthe initialconditions. N ow
suppose that(i)and(ii)holdforak¡d;:::;ak¡1.T hen the induction hypothesisim plies
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thatbiak¡iisdivisiblebypr+f(k¡i)fori= 1;2;:::;d.W ehaver+f(k¡i)¸ r+f(k¡d)=
f(k), sobiak¡i isdivisiblebypf(k), andthusso isak = b1ak¡1+¢¢¢+bdak¡d.T hisproves
(i).
For(ii), supposethatk= td.B y the induction hypothesiswehave

a(t¡1)d´ ®¯t¡2pm+(t¡2)r (m odpm +(t¡1)r)

and
ºp(atd¡i)¸ m +

¹
td¡ i¡ 1

d

º
r= m + (t¡ 1)r; for1· i< d:

T hus
bda(t¡1)d´ ¯pr¢®¯t¡2pm+(t¡2)r = ®¯t¡1pm+(t¡1)r (m odpm+tr)

and
ºp(biatd¡i)¸ m + tr; for1· i< d:

T hen (ii)followsfrom therecurrenceforak.

W enotethatthelem m a extendsthestudy ofsituationsdiscussed in [11] and[13] by
relaxing thecondition thatthecoe± cientbd berelatively prim eto them odulus.

W ecan furthergeneralize identity (10)andobtain the

ProofofT heorem 3:A nalogouslytothedē nition of(5), weset, for0· t· m ¡1;

G m (k;t)=
X

í t (m od m )

µ
k
i

¶
(¡1)i:

In a m annersim ilarto thederivation ofidentity (7), forevery oddm;weobtain that

1X

k=0

2
4 X

í t (m od m )

(¡1)i
µ
k
i

¶3
5 xk = (¡x)

t(1¡ x)m¡t¡1

(1¡ x)m + xm
:

N otethatthedegreeofthenum eratorism ¡ 1.Itisfairly easy to m odify identities(8)
and(9)forG m (k;t):A n application ofL em m a 7to G p(k;t)yieldsT heorem 3.W e note
thathere ® =

¡p¡1
t

¢
(¡1)t;hence ® ´ 1(m odp):T he congruence followsfrom the two

identities,
¡p
t

¢
´ 0(m odp); 1· t· p¡ 1;and

¡p
t

¢
=
¡p¡1
t¡1
¢
+
¡p¡1

t

¢
:(W enotethatfor

every prim epandpositive integern,
¡pn¡1

t

¢
´ (¡1)t (m odp) also holds.)

T he interestedreaderm ay try anotherapplication ofL em m a 7to provethefollowing
identity (cf.[1])

º2
µ n¡1X

k=0

µ
2n¡ 1
2k

¶
3k
¶
= n¡ 1; n= 1;2;::::
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F inally, wenotethatitwouldbe interesting to ¯ndan upperboundon ºp(ak)¡ f(k) as
a function ofk:T hecasep= 5andk´ 9, 10, or18 (m od20)showsthatthedi®erence
can beasbig asC logk with som epositiveconstantC .

W econcludethissection with the

ProofofT heorem 4:T heorem 3dealswith thecase in which m = 0, thuswem ay
assum e thatm ¸ 1:U sing the identitiesim =

P m
l=0S(m;l)

¡i
l

¢
l! and

¡k
i

¢¡i
l

¢
=
¡k
l

¢¡k¡l
i¡l
¢

forl· i· k;wehave

X

í t (m od p)

µ
k
i

¶
(¡1)iim =

X

í t (m od p)

µ
k
i

¶
(¡1)i

mX

l=0

S(m;l)
µ
i
l

¶
l!

=
mX

l=0

S(m;l)
µ
k
l

¶
l!

X

í t (m od p)

µ
k¡ l
i¡ l

¶
(¡1)i

=
mX

l=0

(¡1)lS(m;l)
µ
k
l

¶
l!

X

í t¡l (m od p)

µ
k¡ l
i

¶
(¡1)i:

(17)

O bservethatT heorem 3appliesto thelastsum.
W eshallshow thatunderthe conditionsofT heorem 4, the term with l= m hasthe

sm allestexponentofpon therightsideof(17).Ifl= 0then S(m;l)= 0in identity (17)
soweneedonly considerthetermsin which l¸ 1:L etÂ y(x)denotetheindicatorfunction
ofdivisibility by y;i.e., Â y(x)= 1ifandonly ifyjx:W eshallshow that

ºp

µµ
k
l

¶
l!pb

k¡l
p¡1c¡Â p¡1(k¡l)

¶
= ºp(k!)¡ ºp((k¡ l)!)+

¹
k¡ l
p¡ 1

º
¡ Â p¡1(k¡ l);1· l· m;

assum esitsuniquem inim um atl= m;thisfact, togetherwith T heorem 3, im pliesT heo-
rem 4.
B y a well-known formula, wehave

ºp((k¡ l)!)=
¹
k¡ l
p

º
+
¹
k¡ l
p2

º
+ ¢¢¢:

T hehypothesesofT heorem 4im plythatk¡m = r(p¡1)´ ¡r0(m odp), where1· r0· p
andm · r0.Itfollowsthatbk¡m +ip cisconstantfori= 0;1;:::;r0¡1;i.e.,bk¡lp cisconstant
forl= m;m ¡ 1;:::;m ¡ r0+ 1.Since r0̧ m , thisim pliesthatbk¡lp c isconstantfor
1· l· m.Sim ilarly, bk¡lpi cisconstantfor1· l· m.T herefore, ºp

¡
(k¡ l)!

¢
isconstant

for1· l· m.
N extweshow that

¹
k¡ l
p¡ 1

º
¡ Â p¡1(k¡ l)>

¹
k¡ m
p¡ 1

º
¡ Â p¡1(k¡ m ); 1· l< m: (18)
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Sincep¡1dividesk¡ m , k¡ lisnotdivisiblebyp¡1forl= m ¡1;m ¡2;:::;m ¡p+2,
andsincem · p, thisim pliesallcasesof(18)exceptm = p;l= 1.In thiscasewehave

¹
k¡ 1
p¡ 1

º
¡ Â p¡1(k¡ 1)= 1+

¹
k¡ p
p¡ 1

º
¡ Â p¡1(k¡ p);

andthus(18)holdsin thiscasealso.T heproofisnow com plete.

W enotethatthegenerating function ofthesum on thelefthandside of(17)can be
derivedby binom ialinversion [5] in term sofEulerian polynom ials.

6.C O N JEC T U R ES

Empiricalevidence suggeststhat formulasfor¿p(k)exist based on the residue ofk
m odulop(p¡ 1).T hefollowing conjectureshavebeen provedonly in thecasesp= 3and
p= 5.

C onjecture1:
(a)Ifk isdivisibleby 2pbutnotby p(p¡ 1)then ¿p(k)= ºp(k).
(b)Ifk+ 1isdivisibleby 2pbutnotby p(p¡ 1)then ¿p(k)= ºp(k+1).

C onjecture 2:
Foreachoddprim ep, thereisa setAp µ f1;2;:::;p(p¡1)¡1gsuchthatifk 6́ 0or¡1

(m od2p)andk isnotan oddmultipleofp, then ¿p(k)> 0ifandonly ifk iscongruent
m odulop(p¡ 1)to an elem entofAp.
Itusually seemsto betruethatundertheconditionsofC onjecture2, foreach i2Ap,

thereexistssom e integerup;isuch thatifk´ i(m odp(p¡ 1))then ¿p(k)´ ºp(k+ up;i).
Forexample, T heorem 7assertsthattheconjecturesholdforp= 3, withA3 = ;, and

T heorem 8assertsthatthe conjectureshold forp= 5with A5 = f18g and u5;18 = 2.
Empiricalevidence suggeststhatA7 = f16g, with u7;16 = 75. H ere are the empirical
valuesofAp forprim espfrom 11to 23.

A11= f14;18;73;81;93g
A13= f82;126;148g
A17= f37;39;62;121;179;230;234g
A19= f85;117;119;156;196;201;203;244;279;295;299;316;320;337g
A23= f72;128;130;145;148;170;171;188;201;210;211;232;233;234;317;325;378;466g
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