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es
related

to
th
e
p
o
in
t
sp

read
d
istrib

u
tio

n
can

b
e
d
eriv

ed
in

a
sim

ilar
fash

io
n
.

W
e
fo
cu

s
o
n
q
u
estio

n
s
(B

)
an

d
(D

),
in

p
articu

lar.
A
fter

calcu
latin

g
th
ese

v
alu

es,
w
e
tested

sim
ilar

settin
g
s
w
ith

in
a
g
iv
en

ran
g
e
b
u
t
w
ith

th
e
sam

e
d
ifferen

ce
in

sh
o
o
tin

g
su

ccess
rates

an
d

fo
u
n
d
,
so

m
ew

h
at

su
rp
risin

g
ly,

th
at

th
e
an

sw
ers

o
b
tain

ed
ch

an
g
ed

o
n
ly

slig
h
tly

in
(B

)
an

d
(D

).
In

o
th
er

w
o
rd
s,
if
th
ere

are
so

m
e
ex

tern
al

circu
m
stan

ces
th
at

are
eq

u
ally

in
fl
u
en

cin
g
b
o
th

p
lay

ers
to

p
lay

b
etter

o
r
w
o
rse,

th
en

fo
r
sm

all
d
ifferen

ces,
th
e
p
o
in
t
sp

read
d
istrib

u
tio

n
w
ill

ch
an

g
e
o
n
ly

to
a

v
ery

sm
all

d
eg

ree.
W
e
ap

p
ly

d
ifferen

t
ap

p
ro
x
im

atio
n
an

d
su

m
m
atio

n
tech

n
iq
u
es,

a
ran

d
o
m

w
alk

ap
p
ro
ach

,an
d
d
iscu

ss
related

o
p
tim

izatio
n
p
ro
b
lem

s
to

h
elp

ex
p
lain

th
is
o
b
serv

atio
n
.C

alcu
latio

n
s

fo
r
n

=
1
2
are

in
clu

d
ed

to
illu

strate
n
u
m
erical

asp
ects

an
d
featu

res
o
f
th
e
d
ifferen

t
ap

p
ro
ach

es.

2
.

S
y

m
m

etry

N
o
w

w
e
p
ro
v
e
an

in
terestin

g
sy

m
m
etry

p
ro
p
erty.

T
h

e
o

r
e
m

2
.1

L
et

f
d
(n

,
p
,
ε
)

d
en

o
te

th
e

p
ro

b
a

b
ility

th
a

t,
in

n
tria

ls,
th

e
‘stro

n
g
er’

p
la

yer
w

ith

su
ccess

ra
te

p
a

ccu
m

u
la

tes
a

t
lea

st
d

≥
0

p
o

in
ts

m
o

re
th

a
n

th
e

o
th

er
(eq

u
a

lly
stro

n
g

o
r

‘w
ea

ker’)

p
la

yer
w

ith
su

ccess
ra

te
p

−
ε

w
ith

ε
≥

0
.

T
h

e
fu

n
ctio

n
f

d
(n

,
p
,
ε
),

ε
≤

p
≤

1
,

is
sym

m
etric

a
b

o
u

t
(1

+
ε
)/
2

fo
r

every
n

≥
1

.
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Jo
u

rn
a

l
o

f
S

ta
tistica

l
C

o
m

p
u

ta
tio

n
a

n
d

S
im

u
la

tio
n

1
3
3
5

P
ro

o
f

W
e
o
b
serv

e
th
at

f
d
(n

,
p
,
ε
)=

n
∑k=

d

(

nk

)

p
k(1

−
p
)
n−

k

k−
d

∑j=
0

(

nj

)

(p
−

ε
)
j(1

−
p

+
ε
)
n−

j.
(1
)

L
et

u
s
assu

m
e
th
at

ε
≤

p
≤

1
.
T
h
e
claim

is
th
at

f
d
(n

,
p
,
ε
)=

f
d
(n

,
1

−
p

+
ε
,
ε
).
B
y
E
q
u
atio

n

(1
),
w
e
h
av

e
th
at

f
d
(n

,
1

−
p

+
ε
,
ε
)=

n
∑k=

d

(

nk

)

(1
−

p
+

ε
)
k(p

−
ε
)
n−

k

k−
d

∑j=
0

(

nj

)

(1
−

p
)
jp

n−
j.

W
e
can

v
iew

th
e
seco

n
d
su

m
m
atio

n
as

th
e
p
ro
b
ab

ility
th
at

th
e
p
lay

er
w
ith

su
ccess

rate
p
lo
ses

at
m
o
st

k
−

d
g
am

es,
w
h
ile

(

nk

)(1
−

p
+

ε
)
k(p

−
ε
)
n−

k
is

th
e
p
ro
b
ab

ility
th
at

th
e
p
lay

er
w
ith

su
ccess

rate
p

−
ε
lo
ses

ex
actly

k
g
am

es.
T
h
u
s,
th
e
co

m
b
in
ed

ex
p
ressio

n
g
iv
es

th
e
p
ro
b
ab

ility
o
f

w
in
n
in
g
b
y
at

least
d
g
am

es
b
y
th
e
fo
rm

er
p
lay

er.
¥

N
o
te

th
at

th
is

p
ro
p
erty

g
u
aran

tees
th
at

it
su

ffi
ces

to
d
eal

w
ith

f
d
(n

,
p
,
ε
)
w
ith

p
≥

(1
+

ε
)/
2
.

S
o
m
etim

es,
w
e
u
se

th
e
sh

o
rt
n
o
tatio

n
f

d
in
stead

o
f
f

d
(n

,
p
,
ε
).

R
em

a
rk

1
T
h
e
d
efi

n
itio

n
o
f
f

d
can

b
e
ex

ten
d
ed

to
ev

ery
real

p
b
y
E
q
u
atio

n
(1
),
an

d
o
b
v
io
u
sly,

th
e
ex

ten
d
ed

fu
n
ctio

n
rem

ain
s
sy

m
m
etric.

T
h
is

can
b
e
p
ro
v
ed

b
y
tak

in
g
th
e
T
ay

lo
r
ex

p
an

sio
n

o
f
th
e
p
o
ly
n
o
m
ial

f
d
ab

o
u
t
(1

+
ε
)/
2
w
h
ich

h
as

o
n
ly

term
s
w
ith

ev
en

ex
p
o
n
en

ts.
S
im

ilarly,
th
e

statem
en

t
h
o
ld
s
tru

e
fo
r
an

y
en

tire
fu
n
ctio

n
(w

h
o
se

T
ay

lo
r
series

co
n
v
erg

es
to

th
e
fu
n
ctio

n
itself

ev
ery

w
h
ere).

R
em

a
rk

2
N
o
te

th
at

th
e
d
eg

ree
o
f
p
o
ly
n
o
m
ial

f
d
in

p
is

2
n
.
M

o
reo

v
er,

E
q
u
atio

n
(1
)
sh

o
w
s
th
at

p
d
(1

−
p

+
ε
)
d
is

alw
ay

s
a
facto

r
o
f
f

d
in
d
ep

en
d
en

t
o
f
n
.
B
y
fo
cu

sin
g
o
n
th
e
h
ig
h
est

p
o
w
ers

o
f

p
(in

clu
d
in
g
sig

n
)
in

E
q
u
atio

n
(1
),
it
can

b
e
p
ro
v
ed

th
at

th
e
lead

in
g
co

effi
cien

t
o
f
f

d
(n

,
p
,
ε
),
as

a
p
o
ly
n
o
m
ial

in
p
,
is

(−
1
)
d
c
n
,d

w
ith

c
n
,d

=
(

2
n

−
1

n
−

d

)

,
n

≥
d
,

in
d
ep

en
d
en

t
o
f
ε
.
It
fo
llo

w
s,

fo
r
in
stan

ce,
th
at

c
n
,0

=
c
n
,1

=
(

2
nn

)/
2
.

F
o
r
d

=
0
,
b
y
m
o
re

d
etailed

calcu
latio

n
s,

w
e
can

g
et

th
at

f
0 (n

,
p
,
ε
)=

(1
+

ε
)
n−

n
(1

+
ε
)
n−

1(1
+

n
ε
)p

+
n4
(1

+
ε
)
n−

2(ε
2n

3+
6
ε
n
2−

ε
2n

−
2
ε
n

+
6
n

−
2
)p

2+
···+

(

2
n

−
1

n

)

p
2
n.

H
o
w
ev

er,
as

w
e
w
ill

see,
it
is
m
o
re

im
p
o
rtan

t
to

h
av

e
th
e
ex

p
an

sio
n
o
f
f

d
ab

o
u
t
p

=
(1

+
ε
)/
2

rath
er

th
an

ab
o
u
t
p

=
0
.

3
.

T
h

e
p

ro
b

a
b

ility
o

f
a

tie
a

n
d

ex
a

ct
p

o
in

t
sp

rea
d

If
p

=
1
th
en

th
e
p
ro
b
ab

ility
o
f
a
tie

is
(1

−
ε
)
n.

In
g
en

eral,
w
e
fi
n
d
th
at

th
e
p
ro
b
ab

ility
o
f
a
tie

is

T
=

f
0 (n

,
p
,
ε
)−

f
1 (n

,
p
,
ε
)=

n
∑k=

0

(

nk

)

p
k(1

−
p
)
n−

k

(

nk

)

(p
−

ε
)
k(1

−
p

+
ε
)
n−

k
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1
3
3
6

T
.

L
en

g
yel

=
n

∑k=
0

(

nk

)

2(p
(p

−
ε
))

k((1
−

p
)(1

−
p

+
ε
))

n−
k

=
((1

−
p
)(1

−
p

+
ε
))

n

n
∑k=

0

(

nk

)

2
(

p
(p

−
ε
)

(1
−

p
)(1

−
p

+
ε
)

)

k

,

an
d
th
u
s,

T
=



((1
−

p
)(1

−
p

+
ε
))

n

(

1
−

p
(p

−
ε
)

(1
−

p
)(1

−
p

+
ε
)

)

n

×
P

n

(

1
+

p
(p

−
ε
)/

(1
−

p
)(1

−
p

+
ε
)

1
−

p
(p

−
ε
)/

(1
−

p
)(1

−
p

+
ε
)

)

,
if

1
+

ε

2
<

p
<

1
,

(

1
−

ε
2

4

)

n
(

2
nn

)

,
if

p
=

1
+

ε

2
,

(2
)

w
ith

th
e

n
th

L
eg

en
d
re

p
o
ly
n
o
m
ial

P
n (x

)
(cf.

[2
]).

If
x

<
−
1
th
en

P
n (x

)
can

b
e
ap

p
ro
x
im

ated
b
y

P
n (x

)∼
(−

1
)
n

√
2
π

n
(x

2−
1
)
1
/
4
(−

x
+

√

x
2−

1
)
n+

1
/
2

(3
)

as
n

→
∞

.
F
o
r
in
stan

ce,
th
e
an

sw
er

0
.1
5
3
3
to

q
u
estio

n
(A

)
can

b
e
ap

p
ro
x
im

ated
b
y
0
.1
5
4
2
th
is

w
ay

sin
ce

p
<

1
g
u
aran

tees
th
at

th
e
arg

u
m
en

t
o
f
P

n
in

(3
)
is

less
th
an

−
1
.
W

ith
th
e
n
o
tatio

n

1
=

p
−

1
+

ε

2
,

(4
)

w
e
g
et

th
e
ap

p
ro
x
im

atio
n
o
f
th
e
an

sw
er

T

T
≈

(

1
−

12

)

2
n
(

1
−

( 1
+

1
/
2
)
2

( 1
−

1
/
2
)
2

)
n

P
n

(

−
14
1

−
1

)

fo
r
a
sm

all
ε
if

1
>

0
.
O
f
co

u
rse,

w
e
can

also
u
se

th
e
ap

p
ro
x
im

atio
n
(3
)
fo
r
th
e
last

facto
r.
F
o
r

ex
am

p
le,

w
ith

n
=

1
2
,
p

=
0
.7
5
,
an

d
ε

=
0
.0
1
,
w
e
g
et

th
at

th
e
ex

act
v
alu

e
is

0
.1
8
5
9
w
h
ile

th
e

ab
o
v
e
ap

p
ro
x
im

atio
n
w
ith

E
q
u
atio

n
(3
)
resu

lts
in

0
.1
8
5
7
.A

lso
n
o
te

th
at

b
y
E
q
u
atio

n
(2
),
w
e
h
av

e

th
at

f
0

(

n
,
1

+
ε

2
,
ε

)

−
f
1

(

n
,
1

+
ε

2
,
ε

)

∼
(1

−
ε
2)

n

√
n
π

fo
r
1

=
0
an

d
n

→
∞

.

W
e
can

g
en

eralize
th
e
ab

o
v
e
ap

p
ro
ach

fo
r
an

y
d
ifferen

ce
d

≥
0
.
B
y
u
sin

g
th
e
h
y
p
erg

eo
m
etric

fu
n
ctio

n
2 F

1
(cf.

[2
]),

w
e
o
b
tain

th
e
fo
llo

w
in
g
th
eo

rem
.

T
h

e
o

r
e
m

3
.1

T
h

e
p

ro
b

a
b

ility
f

d
(n

,
p
,
ε
)−

f
d+

1 (n
,
p
,
ε
)

o
f

a
n

exa
ct

p
o

in
t

sp
rea

d
o

f
d

is

((1
−

p
)
(1

−
p

+
ε
))

n

(

p

1
−

p

)

d
(

nd

)

2 F
1

(

d
−

n
,−

n
,
1

+
d;

p
(p

−
ε
)

(1
−

p
)
(1

−
p

+
ε
)

)

if
(1

+
ε
)/
2

≤
p

<
1
.

F
o
r
in
stan

ce,
T
h
eo

rem
3
.1

g
iv
es

th
e
an

sw
er

f
0 (1

2
,
0
.7
5
,
0
.1
0
)−

f
1 (1

2
,
0
.7
5
,
0
.1
0
)=

0
.1
5
3
3

to
q
u
estio

n
(A

).
S
im

ilarly,
f
2 (1

2
,
0
.7
5
,
0
.1
0
)−

f
3 (1

2
,
0
.7
5
,
0
.1
0
)=

0
.1
6
7
6

an
sw

ers
q
u
es-

tio
n
(C

).
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Jo
u

rn
a

l
o

f
S

ta
tistica

l
C

o
m

p
u

ta
tio

n
a

n
d

S
im

u
la

tio
n

1
3
3
7

4
.

R
a

n
d

o
m

w
a

lk
a

p
p

ro
a

ch

A
ssu

m
e
th
at

in
th
e
sh

o
o
tin

g
co

m
p
etitio

n
th
e
p
lay

ers
sh

o
o
t
in

an
altern

atin
g
fash

io
n
.
L
et

X
i
b
e
1

o
r
0
if
th
e
stro

n
g
er

p
lay

er
sco

res
o
r
m
isses

h
is

free
th
ro
w

in
th
e

ith
trial.

W
e
d
efi

n
e

Y
i
sim

ilarly.

T
h
en

X
=

∑

nk=
1
X

i
an

d
Y

=
∑

nk=
1
Y

i .
W
e
can

m
o
d
el

th
e
p
ro
b
lem

w
ith

a
ran

d
o
m

w
alk

w
h
ich

h
as

step
sizes

X
i −

Y
i ,

i=
1
,
2
,
...,

n
:
th
e
w
alk

m
o
v
es

o
n
e
step

to
th
e
rig

h
t
o
r
left

if
o
n
ly

th
e

stro
n
g
er

o
r
th
e
o
th
er

p
lay

er
sco

res,
resp

ectiv
ely,

an
d
stay

s
in

p
lace

if
eith

er
b
o
th

o
r
n
o
n
e
o
f
th
e

p
lay

ers
sco

re.
W

ith
P

=
p
(1

−
q
),

Q
=

q
(1

−
p
),
an

d
q

=
p

−
ε
,
w
e
h
av

e
th
at

P
(X

−
Y

=
k
)=

[z
k]

(

P
z

+
(1

−
P

−
Q

)+
Qz

)

n

=
[z

n+
k](P

z
2+

(1
−

P
−

Q
)z

+
Q

)
n

w
h
ere

[z
k]g

(z
)
stan

d
s
fo
r
th
e
co

effi
cien

t
o
f
th
e
term

z
k
in

th
e
(L

au
ren

t)
p
o
w
er

series
ex

p
an

sio
n

o
f
g
(z

)
ab

o
u
t
0
.
B
y
ad

d
in
g
th
e
co

effi
cien

ts
fo
r
k

=
d
,
d

+
1
,
...,

n
,
w
e
can

o
b
tain

f
d
(n

,
p
,
ε
).

F
o
rm

ally,
in

term
s
o
f
a
L
au

ren
t
series

w
ith

an
essen

tial
sin

g
u
larity

at
0
,
w
e
can

w
rite

th
at

f
d
(n

,
p
,
ε
)=

P
n

[z
n+

d]
(

1
+

1z
+

1z
2

+
···

)
(

z
2+

1
−

P
−

Q

P
z

+
QP

)

n

.

W
e
n
o
te,

h
o
w
ev

er,
th
at

th
is

ap
p
ro
ach

resu
lts

in
a
d
o
u
b
le

su
m

fo
r

f
d
an

d
th
u
s,

o
ffers

little

o
r
n
o
im

p
ro
v
em

en
t
o
v
er

E
q
u
atio

n
(1
)
u
n
less

so
m
e
co

m
p
u
ter

alg
eb

ra
sy

stem
is

easily
av

ailab
le

fo
r
ex

tractin
g
co

effi
cien

ts.
In

so
m
e
cases

th
o
u
g
h
,
it
m
ig
h
t
b
e
h
elp

fu
l.
F
o
r
ex

am
p
le,

co
effi

cien
t

ex
tractio

n
is

easy
w
h
en

p
=

q
=

1
/
2
an

d
th
u
s,

ε
=

0
,
P

=
Q

=
1
/
4
,
an

d
id
en

tity
(1
5
)
fo
llo

w
s

im
m
ed

iately.
In

an
o
th
er

ex
am

p
le,

w
e
can

g
et

a
g
o
o
d
ap

p
ro
x
im

atio
n
fo
r
th
e
p
ro
b
ab

ility
o
f
a
tie

T
=

P
(X

−
Y

=
0
)
(cf.

E
q
u
atio

n
(2
))

b
y
u
sin

g
stan

d
ard

facts
reg

ard
in
g
ran

d
o
m

w
alk

s.
In

fact,

[3
,
P
ro
p
o
sitio

n
V
II.

1
0
]
su

g
g
estsT

∼

(

1
−

( √
P

−
√

Q
)
2
)

n+
1
/
2

2
(P

Q
)
1
/
4 √

π
n

as
n

→
∞

b
y
u
sin

g
th
e
asy

m
p
to
tic

n
u
m
b
er

o
f
‘b
rid

g
es’

(an
d
its

g
en

eralizatio
n
fo
r
fi
n
d
in
g
th
e

p
ro
b
ab

ility
th
at

a
ran

d
o
m

w
alk

o
f
len

g
th

n
is

a
b
rid

g
e
fro

m
altitu

d
e
0
to

0
),
h
en

ce
p
ro
v
id
in
g
an

ap
p
ro
x
im

atio
n
fo
r
T

w
h
ich

lo
o
k
s
sim

p
ler

th
an

th
e
o
n
e
g
iv
en

in
S
ectio

n
3
.
F
o
r
ex

am
p
le,

in
th
is

w
ay

w
e
g
et

th
e
ap

p
ro
x
im

ate
an

sw
er

0
.1
5
4
2
to

(A
).

N
o
te

th
e
d
ifferen

ce
in

th
e
rate

o
f
d
ecrease

o
f
th
e
ap

p
ro
x
im

ated
T

as
n
g
ro
w
s:

it
is

ex
p
o
n
en

tial
if

p
6=

q
an

d
o
f
o
rd
er

1
/ √

n
if

p
=

q
.
In

fact,
T

d
ecreases

as
n

→
∞

,
as

can
b
e
sh

o
w
n
in

th
e
w
ay

L
em

m
a
5
o
f
[4
]
is

p
ro
v
ed

acco
rd
in
g

to
W
ag

o
n
[5
].

T
h
e
au

th
o
r
co

n
jectu

res
th
at

fo
r

n
≥

5
,
p

=
(1

+
ε
)/
2
sw

itch
es

fro
m

b
ein

g
th
e

lo
catio

n
o
f
th
e
m
in
im

u
m

o
f
T

to
th
at

o
f
th
e
m
ax

im
u
m

as
ε
g
ro
w
s.
O
f
co

u
rse,

th
e
sy

m
m
etry

o
f
T
,

i.e.
f
0 (n

,
p
,
ε
)−

f
1 (n

,
p
,
ε
),

in
p

ab
o
u
t
(1

+
ε
)/
2
fo
llo

w
s
b
y
T
h
eo

rem
2
.1
,
an

d
th
is

y
ield

s
th
at

th
is

p
articu

lar
lo
catio

n
g
iv
es

eith
er

a
(lo

cal)
m
in
im

u
m

o
r
m
ax

im
u
m
.

5
.

A
p

p
ro

x
im

a
tio

n
b

y
n

o
rm

a
l

W
ith

so
m
e
reaso

n
ab

le
b
o
u
n
d
s
o
n
th
e
n
u
m
b
er

o
f
trials

n
an

d
su

ccess
rates

p
an

d
q

=
p

−
ε
w
ith

ε
>

0
fo
r
P
lay

ers
2
an

d
1
,resp

ectiv
ely,w

e
fi
rst

ap
p
ro
x
im

ate
f

d
(n

,
p
,
ε
)
fo
r
d

≥
1
an

d
th
en

ex
ten

d

th
e
ran

g
e
o
f
th
e
ap

p
ro
x
im

atio
n
fo
r
d

≤
0
.A

s
w
e
o
b
serv

ed
ab

o
v
e,

w
e
can

restrict
o
u
r
atten

tio
n
to

th
e
ran

g
e

p
≥

(1
+

ε
)/
2
.

L
et

X
an

d
Y

rep
resen

t
th
e
n
u
m
b
er

o
f
su

ccessfu
l
sh

o
ts

m
ad

e
b
y

P
lay

ers
2

an
d

1
,
resp

ec-

tiv
ely.

C
learly,

X
an

d
Y

are
in
d
ep

en
d
en

t,
b
in
o
m
ially

d
istrib

u
ted

ran
d
o
m

v
ariab

les,
X

∼
N

[µ
=

Downloaded by [Occidental College] at 19:41 17 April 2013 



1
3
3
8

T
.

L
en

g
yel

n
p
,
σ

=
√

n
p
(1

−
p
)]

an
d

Y
∼

N
[µ

=
n
q
,
σ

=
√

n
q
(1

−
q
)]

ap
p
ro
x
im

ately,
ev

en
fo
r
sm

all

v
alu

es
o
f
n
,as

lo
n
g
as

9
p
/
(1

−
p
)≤

n
,i.e.p

≤
n
/
(n

+
9
),alth

o
u
g
h
th
is
co

n
d
itio

n
can

b
e
relax

ed

in
p
ractice.

T
h
erefo

re,
th
e
d
istrib

u
tio

n
o
f
X

−
Y

is
ap

p
ro
x
im

ately
N

[µ
=

n
(p

−
q
)=

n
ε
,
σ

=
√

n
(p

(1
−

p
)+

q
(1

−
q
))].

T
o
an

sw
er

(A
)–
(D

)
w
e
n
eed

th
e
p
ro
b
ab

ilities
P

(X
−

Y
=

0
),

P
(X

−
Y

≥
1
),

P
(X

−
Y

=
2
),

an
d

P
(X

−
Y

≥
2
),

resp
ectiv

ely.
F
o
r
ex

am
p
le,

f
1 (n

,
p
,
ε
)=

P
(X

−
Y

≥
1
)
can

b
e
ap

p
ro
x
i-

m
ated

b
y

1
−

8

(

0
.5

−
n
ε

√
n
(p

(1
−

p
)+

q
(1

−
q
))

)

(5
)

u
sin

g
th
e
so

-called
co

n
tin

u
ity

co
rrectio

n
.
W
e
can

u
se

a
sim

p
le

an
d
fairly

accu
rate

ap
p
ro
x
im

atio
n

fo
r
th
e
n
o
rm

al
d
istrib

u
tio

n
fu
n
ctio

n

8
(x

)≈
0
.5

+
0
.1

x
(4

.4
−

x
),

fo
r
0

≤
x

≤
2
.2

.

In
fact,

it
is

g
o
o
d
to

tw
o
d
ecim

al
p
laces.

W
e
co

n
sid

er √
n
(p

(1
−

p
)+

q
(1

−
q
))

fro
m

E
q
u
atio

n
(5
).W

e
fi
rst

tak
e
p
(1

−
p
)+

q
(1

−
q
)

an
d
rew

rite
it
in

term
s
o
f
th
e
fi
x
ed

ε
=

p
−

q
an

d
th
en

ex
p
ress

it
as

a
fu
n
ctio

n
o
f
1

=
p

−
(1

+
ε
)/
2
.
W
e
g
et

th
at

√

n
(p

(1
−

p
)+

q
(1

−
q
))=

√√√√

n2

(

1
−

4

(

p
−

1
+

ε

2

)

2−
ε
2

)

≈
√

n2

(

1
−

2

(

p
−

1
+

ε

2

)

2−
12
ε
2

)

if
ε
an

d
1

are
sm

all,
m
o
re

p
recisely,

if √
n
(1

4+
ε
4)

is
sm

all.

W
e
can

u
se

a
q
u
ad

ratic
o
r
fi
n
er

ap
p
ro
x
im

atio
n
o
f
th
e
arg

u
m
en

t
o
f
8

ab
o
u
t
p

=
(1

+
ε
)/
2
in

E
q
u
atio

n
(5
).

W
e
p
ro
ceed

w
ith

th
e
q
u
ad

ratic
ap

p
ro
x
im

atio
n
.
L
et

u
s
assu

m
e
th
at

2
ε
1

4 √
2
n

is

sm
all.

T
h
is

assu
m
p
tio

n
w
ill

g
u
aran

tee
th
at

th
e
ab

o
v
e
ap

p
ro
x
im

atio
n
in
tro

d
u
ces

o
n
ly

n
eg

lig
ib
le

erro
rs

w
h
en

w
e
rep

lace
x
b
y

x
1 ,

x
2 ,

an
d

x
d
b
elo

w
.
W
e
set

x
1

=

(

0
.5

√

2n
−

ε √
2
n

)
(

1
+

2

(

p
−

1
+

ε

2

)

2+
ε
22

)

≤
0
,

fo
r
0
.5

/
ε

≤
n

≤
2
/
ε
2
an

d
u
se1

−
8

(x
)≈

0
.5

+
0
.1

(−
x
)(4

.4
+

x
)

(6
)

w
ith

x
=

x
1 .
T
h
is

p
ro
v
id
es

u
s
w
ith

a
q
u
ad

ratic
ap

p
ro
x
im

atio
n
in

x
1 .

N
o
te

th
at

to
an

sw
er

(D
),
w
e

n
eed

a
slig

h
t
m
o
d
ifi
catio

n
o
f
x
1 .
W
e
u
se

ap
p
ro
x
im

atio
n
(6
)
w
ith

settin
g

x
to

x
2

=

(

1
.5

√

2n
−

ε √
2
n

)
(

1
+

2

(

p
−

1
+

ε

2

)

2+
ε
22

)

≤
0

fo
r
1
.5

/
ε

≤
n

≤
2
/
ε
2.

In
g
en

eral,
fo
r
a
d
ifferen

ce
o
f
d
p
o
in
ts

w
e
set

x
d

=

(

(d
−

0
.5

)

√

2n
−

ε √
2
n

)
(

1
+

2

(

p
−

1
+

ε

2

)

2+
ε
22

)

≤
0

(7
)

fo
r
(d

−
0
.5

)/
ε

≤
n

≤
2
/
ε
2.
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Jo
u

rn
a

l
o

f
S

ta
tistica

l
C

o
m

p
u

ta
tio

n
a

n
d

S
im

u
la

tio
n

1
3
3
9

W
e
u
se

th
e
ab

o
v
e
q
u
ad

ratic
ap

p
ro
x
im

atio
n
(6
)
to

f
d
(n

,
p
,
ε
)
ab

o
u
t
(1

+
ε
)/
2
.
F
o
r
ex

am
p
le,

fo
r

d
=

1
w
e
g
et

th
at

th
e
co

n
stan

t
co

eff:
(

0
.5

−
0
.3
1
1
1
2
7

√
n

−
0
.0
5

n

)

+
ε
(0

.6
2
2
2
5
4 √

n
+

0
.2

)

−
ε
2

(

0
.2

n
+

0
.1
5
5
5
6
3

√
n

+
0
.0
5

n

)

+
O

(ε
3
)

,
(8
)

th
e
co

eff
o
f

(

p
−

1
+

ε

2

)

2

:
−

(

0
.6
2
2
2
5
4

√
n

+
0
.2n

)

+
ε
(1

.2
4
4
5
1 √

n
+

0
.8

)

−
ε
2

(

0
.8

n
+

0
.1n

)

+
O

(ε
3
)

.
(9
)

N
o
te

th
at

if
d

≤
0
th
en

x
d

<
0
in

E
q
u
atio

n
(7
),
an

d
w
e
n
eed

o
n
ly

th
e
co

n
d
itio

n
th
at

n
≤

2
/
ε
2.

In

g
en

eral,
w
e
h
av

e
th
e
fo
llo

w
in
g
th
eo

rem
.

T
h

e
o

r
e
m

5
.1

F
o

r
a

n
a

rb
itra

ry
in

teg
er

d
,

w
e

g
et

th
e

a
p

p
ro

xim
a

tio
n

f
d
(n

,
p
,
ε
)≈

c
0 +

c
2 (p

−
(1

+
ε
)/
2
)
2

w
ith

c
0

=
(

0
.5

−
0
.3
1
1
1
2
7
(2

d
−

1
)

√
n

−
0
.0
5
(4

d
(d

−
1
)+

1
)

n

)

+
ε
(0

.6
2
2
2
5
4 √

n
+

0
.2

(2
d

−
1
))

−
ε
2

(

0
.2

n
+

0
.1
5
5
5
6
3
(2

d
−

1
)

√
n

+
0
.0
5
(4

d
(d

−
1
)+

1
)

n

)

+
O

(ε
3),

(1
0
)

c
2

=
−

(

0
.6
2
2
2
5
4
(2

d
−

1
)

√
n

+
0
.2

(4
d
(d

−
1
)+

1
)

n

)

+
ε
(1

.2
4
4
5
1 √

n
+

0
.8

(2
d

−
1
))

−
ε
2

(

0
.8

n
+

(2
d

−
1
)
2

1
0
n

)

+
O

(ε
3),

(1
1
)

p
ro

vid
ed

th
a

t
(d

−
0
.5

)/
ε

≤
n

≤
2
/
ε
2

a
n

d
2
ε
1

4 √
2
n

is
sm

a
ll

w
ith

1
=

p
−

(1
+

ε
)/
2

.

O
f

co
u
rse,

if
p

is
clo

se
to

(1
+

ε
)/
2

an
d

ε
is

sm
all

th
en

th
e

co
n
stan

t
term

0
.5

−
0
.3
1
1
1
2
7
(2

d
−

1
)/ √

n
−

0
.0
5
(4

d
(d

−
1
)+

1
)/

n
su

ffi
ces

in
o
rd
er

to
g
et

a
g
o
o
d
ap

p
ro
x
im

atio
n

o
f
f

d .

N
o
te

th
at

u
sin

g
a
h
ig
h
er

d
eg

ree
ap

p
ro
x
im

atio
n
in

E
q
u
atio

n
(5
)
w
ill

n
o
t
ch

an
g
e
th
e
sh

ap
e
o
f
th
e

ap
p
ro
x
im

atin
g
fu
n
ctio

n
(7
)
sin

ce
th
e
M

aclau
rin

series
o
f
1
/ √

a
−

y
,
a

>
0
,
in

y
h
as

o
n
ly

p
o
sitiv

e

co
effi

cien
ts.

T
h
u
s,

it
w
ill

n
o
t
h
elp

in
fi
n
d
in
g
a
b
etter

m
atch

fo
r
f

d .

T
h
e
last

ap
p
ro
x
im

atio
n
(1
1
)
ex

p
lain

s
th
e
ch

an
g
es

in
f

d ,
m
en

tio
n
ed

in
S
ectio

n
1
,
if
w
e
ch

an
g
e

p
b
u
t
k
eep

n
,
ε
,
an

d
d
fi
x
ed

.

T
ab

les
1
an

d
2
sh

o
w

th
e
ex

act
p
ro
b
ab

ilities
an

d
th
eir

ap
p
ro
x
im

atio
n
s
v
ia

E
q
u
atio

n
s
(1
0
)
an

d

(1
1
)
after

d
ro
p
p
in
g
th
e
term

s
w
ith

O
(ε

3).
N
o
te

th
at

in
so

m
e
cases

th
e
co

n
d
itio

n
(d

−
0
.5

)/
ε

≤
n

is
v
io
lated

an
d
th
u
s,

th
e
ap

p
ro
x
im

atio
n
fails

to
reach

an
accep

tab
le

accu
racy.

6
.

P
o

isso
n

a
p

p
ro

x
im

a
tio

n

If
p

−
ε
is

clo
se

to
1
th
en

th
e
ap

p
ro
x
im

atio
n
(5
)
b
y
n
o
rm

al
d
istrib

u
tio

n
d
o
es

n
o
t
w
o
rk

ex
cep

t

fo
r
larg

e
n
.
In

th
is

case,
o
n
e
m
ig
h
t
try

to
u
se

ap
p
ro
x
im

atio
n

b
y

th
e
P
o
isso

n
d
istrib

u
tio

n
fo
r

n
−

X
an

d
n

−
Y
,
resp

ectiv
ely.

F
o
r
in
stan

ce,
if

p
−

ε
≥

0
.9
0

an
d

n
(1

−
p

+
ε
)≤

1
0

th
en
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w
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=
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p
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f
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=
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0
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0
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0
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d
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=
0
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0
.0
5
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.1
0
.

ε
=

0
.0
1

ε
=

0
.0
5

ε
=

0
.1
0

p
E
x
act

A
p
p
ro
x
im

atio
n

E
x
act

A
p
p
ro
x
im

atio
n

E
x
act

A
p
p
ro
x
im

atio
n

0
.5
5

0
.2
8
6
4

0
.2
1
9
1

0
.3
5
7
9

0
.3
2
4
2

0
.4
5
3
9

0
.4
4
2
9

0
.6
0

0
.2
8
3
5

0
.2
1
4
7

0
.3
5
6
3

0
.3
2
2
3

0
.4
5
3
6

0
.4
4
2
6

0
.6
5

0
.2
7
8
2

0
.2
0
7
3

0
.3
5
3
1

0
.3
1
8
5

0
.4
5
2
7

0
.4
4
1
7

0
.7
0

0
.2
6
9
9

0
.1
9
6
7

0
.3
4
7
9

0
.3
1
2
8

0
.4
5
0
9

0
.4
4
0
3

0
.7
5

0
.2
5
7
8

0
.1
8
3
0

0
.3
4
0
1

0
.3
0
5
3

0
.4
4
8
2

0
.4
3
8
3

0
.8
0

0
.2
4
0
0

0
.1
6
6
2

0
.3
2
8
3

0
.2
9
5
9

0
.4
4
3
9

0
.4
3
5
7

n
−

X
∼

P
o
isso

n
[n

(1
−

p
)]

an
d

n
−

Y
∼

P
o
isso

n
[n

(1
−

p
+

ε
)],

ap
p
ro
x
im

ately.
T
h
erefo

re,

th
e
d
istrib

u
tio

n
o
f
X

−
Y
can

b
e
ap

p
ro
x
im

ated
b
y
th
e
d
istrib

u
tio

n
o
f
th
e
d
ifferen

ce
o
f
tw

o
in
d
ep

en
-

d
en

t
P
o
isso

n
ran

d
o
m

v
ariab

les
n

−
Y

an
d

n
−

X
.T

h
e
d
ifferen

ce
o
f
tw

o
P
o
isso

n
ran

d
o
m

v
ariab

les

fo
llo

w
s
a
S
k
ellam

d
istrib

u
tio

n
.
W
e
h
av

e
th
at

f
d
(n

,
p
,
ε
)≈

P
(X

−
Y

≥
d
)=

P
((n

−
Y

)−
(n

−
X

)≥
d
)

=
∑k≥

d

e −
(µ

1 +
µ

2 )

(

µ
1

µ
2

)

k
/
2

I
k (2 √

µ
1 µ

2 )

w
ith

µ
1

=
n
(1

−
p

+
ε
)
an

d
µ

2
=

n
(1

−
p
),
an

d
I
k (x

)
b
ein

g
th
e
m
o
d
ifi
ed

B
essel

fu
n
ctio

n
o
f
th
e

fi
rstk

in
d
[2
].F

o
r
ex

am
p
le,w

e
g
etth

atf
2 (1

2
,
0
.9
5
,
0
.0
5
)=

0
.2
2
4
7
w
h
ile

th
e
ab

o
v
e
ap

p
ro
x
im

atio
n

y
ield

s
0
.2
2
8
3
.

7
.

O
p

tim
iza

tio
n

O
n
e
m
ig
h
t
w
o
n
d
er

w
h
at

th
e
larg

est
p
o
ssib

le
p
ro
b
ab

ilities
in

(B
)
an

d
(D

)
are.

N
o
te

th
at

u
sin

g
th
e

p
ro
b
ab

ilistic
co

n
tex

t,
f

d
(n

,
p
,
ε
)
in
creases

as
n

→
∞

an
d

ε
>

0
,
d

≥
0
,
an

d
p
,
ε

≤
p

≤
1
are

k
ep

t
fi
x
ed

.
C
learly,

f
0 (n

,
p
,
0
)=

1
−

f
1 (n

,
p
,
0
),

(1
2
)

an
d
its

v
alu

e,
(1

+
T

)/
2
,
can

b
e
d
eterm

in
ed

b
y
id
en

tity
(2
),

p
o
ssib

ly
u
sin

g
th
e
ap

p
ro
x
im

atio
n

(3
)
fo
r
T
.
B
y
R
em

ark
2
,
f

d
(n

,
p
,
ε
)
g
o
es

to
∞

fo
r
d

ev
en

an
d
to

−
∞

fo
r
d

o
d
d
as

|p|
g
ro
w
s

in
d
efi

n
itely.

It
is

m
o
re

in
terestin

g
to

lo
o
k
fo
r

m
ax

ε≤
p≤

1
f

d
(n

,
p
,
ε
)

fo
r
d
ifferen

t
v
alu

es
o
f
d
w
ith

n
an

d
ε
k
ep

t
fi
x
ed

.
O
f
co

u
rse,

b
y
sy

m
m
etry,

w
e
can

,
as

w
e
w
ill

d
o
,

fo
cu

s
o
n
th
e
ran

g
e

(1
+

ε
)/
2

≤
p

≤
1
.
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l
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f
S

ta
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l
C

o
m

p
u

ta
tio

n
a

n
d

S
im

u
la

tio
n

1
3
4
1

0
.2

0
.4

0
.6

0
.8

1
1

.2
1

.4
p

0
.8

0
.9

1
.1

1
.2

(a
)

(b
)

f

-0
.2

0
.2

0
.4

0
.6

0
.8

1
1
.2

p

0
.5

0
5

0
.5

1

0
.5

1
5

0
.5

2

f

F
ig
u
re

1
.

T
h
e
larg

est
p
ro
b
ab

ilities
in

tw
o
ex

am
p
les

w
ith

th
e
m
ax

im
u
m

lo
catio

n
s
em

p
h
asized

.

W
e
o
b
serv

e
th
at

th
e
sh

ap
e
o
f
f

d
ab

o
u
t
p

=
(1

+
ε
)/
2
ch

an
g
es

fro
m

co
n
cav

e
u
p
to

co
n
cav

e

d
o
w
n
as

d
in
creases.

F
o
r
ε

=
0
,
th
e
sh

ap
e
o
f
f
0
is
th
at

o
f
a
d
isto

rted
p
arab

o
la

o
p
en

in
g
u
p
w
h
ich

is

fairly
fl
at

ab
o
u
t
its

v
ertex

fo
r
all

n
≥

1
.
T
h
e
sh

ap
e
b
eco

m
es

co
n
cav

e
d
o
w
n
at

p
=

1
/
2
fo
r
d

≥
1
.

F
o
r
o
th
er

v
alu

es
o
f
ε
th
is

ch
an

g
e
at

p
=

(1
+

ε
)/
2
h
ap

p
en

s
at

a
h
ig
h
er

v
alu

e
o
f
d
d
ep

en
d
in
g
o
n

n
an

d
ε
,
to
o
.
F
o
r
ex

am
p
le,

w
ith

ε
=

0
.3
,
(∂

2/
∂
p

2)f
d
(1
2
,
0
.6
5
,
0
.3

),
(∂

2/
∂
p

2)f
d
(1
3
,
0
.6
5
,
0
.3

),

an
d

(∂
2/

∂
p

2)f
d
(1
6
,
0
.6
5
,
0
.3

)
b
eco

m
e
n
eg

ativ
e
at

d
=

4
,
5
,
an

d
6
,
resp

ectiv
ely.

A
s
a
co

n
seq

u
en

ce,
ty
p
ically,

th
e
m
ax

im
u
m

o
ccu

rs
at

p
=

1
w
h
en

d
is

sm
all

(cf.
F
ig
u
re

1
(a),

f
0 (1

2
,
p
,
0
.3

)).
H
o
w
ev

er,
w
h
en

it
is

n
o
t
th
e
case,

th
e
ap

p
ro
x
im

atio
n
m
eth

o
d
s
o
f
S
ectio

n
s
5
an

d

6
can

h
ard

ly
h
elp

.
In

fact,
fo
r
n

=
1
2
,
ε

=
0
.0
5
,
an

d
d

=
1
th
e
o
p
tim

u
m

is
fo
u
n
d
aro

u
n
d

p
=

0
.8
8
8
3
,
an

d
th
e
p
ro
b
ab

ility
ap

p
ears

to
b
e
sh

arp
ly

d
ecreasin

g
as

p
in
creases

fro
m

th
is
v
alu

e
o
n
(cf.

F
ig
u
re

1
(b
),

f
1 (1

2
,
p
,
0
.0
5
)).

O
n
th
e
o
th
er

h
an

d
,
as

d
g
ro
w
s,
it
ap

p
ears

th
at

th
e
m
ax

im
u
m

o
ccu

rs

at
p

=
(1

+
ε
)/
2
.

W
e
p
ro
v
e
o
n
ly

th
e
fo
llo

w
in
g
th
eo

rem
.

T
h

e
o

r
e
m

7
.1

T
h

e
p

o
lyn

o
m

ia
l
f
0 (n

,
p
,
0
)

is
co

n
ca

ve
u

p
,

a
n

d
th

u
s,

it
ta

kes
its

m
in

im
u

m
a

t
p

=
1
/
2

.
Its

m
a

xim
u

m
is

ta
ken

a
t
0

a
n

d
1
.

P
ro

o
f

B
y
th
e
n
o
tatio

n
(4
),
w
e
g
et

th
at

f
d
(n

,
p
,
ε
)=

(
(

1
−

ε

2
−

1

)
(

1
+

ε

2
−

1

)
)

n
n

∑k=
d

(

nk

)
(

1
+

(1
+

ε
)/
2

(1
−

ε
)/
2

−
1

)

k

×
k−

d
∑j=

0

(

nj

)
(

1
+

(1
−

ε
)/
2

(1
+

ε
)/
2

−
1

)

j

.

W
ith

ε
=

0
,
th
is

sim
p
lifi

es
to

(1
−

2
1

)
2
n

2
2
n

n
∑k=

d

(

nk

)
(

2
1

+
1

1
−

2
1

)

k
k−

d
∑j=

0

(

nj

)
(

2
1

+
1

1
−

2
1

)

j

,
(1
3
)

w
h
ich

can
b
e
ex

p
an

d
ed

as
a
fu
n
ctio

n
o
f
1

2

f
d
(n

,
p
,
0
)=

n
∑k=

0

c
2
k (n

,
d
)1

2
k

acco
rd
in
g
to

T
h
eo

rem
2
.1
.
In

g
en

eral,
d
eterm

in
in
g

c
2
k (n

,
d
)
req

u
ires

th
e
ev

alu
atio

n
o
f
a
trip

le

su
m

acco
rd
in
g
to

F
o
rm

u
la

(1
3
).
O
n
th
e
o
th
er

h
an

d
,
w
e
can

easily
d
eriv

e
th
at

th
e
co

effi
cien

t
o
f
th
e
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1
3
4
2

T
.

L
en

g
yel

term
1

2
=

(p
−

1
/
2
)
2
is

c
2 (n

,
d
)=

1

2
2
n−

2

n
∑k=

d

k−
d

∑j=
0

(

nk

)
(

nj

)

(2
(k

+
j

−
n
)
2−

n
).

F
o
r

in
stan

ce,
c
2 (n

,
n
)=

−
n
/
2
2
n−

2
<

0
fo
llo

w
s

im
m
ed

iately.
W

ith
so

m
e

calcu
latio

n
s

an
d

sim
p
lifi

catio
n
s,

w
e
o
b
tain

th
e
recu

rren
ce

relatio
n

c
2 (n

,
d

+
1
)=

c
2 (n

,
d
)−

1

2
2
n−

2

n
∑k=

d

(

nk

)
(

n

k
−

d

)

(2
(2

k
−

d
−

n
)
2−

n
),

fo
r
d

≥
0
,

w
ith

th
e
in
itial

co
n
d
itio

n

c
2 (n

,
0
)=

1

2
2
n−

2

(

2
n

−
2

n
−

1

)

∼
1

√
π

(n
−

1
)
,

(1
4
)

w
h
ich

alread
y
g
u
aran

tees
th
e
co

n
v
ex

ity
o
f
f
0 (n

,
p
,
0
)
at

p
=

1
/
2
.
W
e
n
o
te

th
at

E
q
u
atio

n
(1
4
)

fo
llo

w
s
fro

m
th
e
o
b
serv

atio
n
(1
2
)
w
h
ich

im
p
lies

th
at

c
2 (n

,
1
)=

−
c
2 (n

,
0
).
In

a
sim

ilar
fash

io
n
,

b
y
E
q
u
atio

n
s
(2
)
an

d
(1
2
),

c
0 (n

,
1
)=

1
−

c
0 (n

,
0
)
im

p
lies

th
at

f
0

(

n
,
12
,
0

)

=
c
0 (n

,
0
)=

12

(

1
+

(

2
nn

)

2
2
n

)

.
(1
5
)

W
ith

co
n
sid

erab
ly

m
o
re

calcu
latio

n
s,

w
e
o
b
tain

all
co

effi
cien

ts

c
2
k (n

,
0
)=

1

2
2
n−

2
k

(

2
k

−
1

k

)
(

2
n

−
2
k

n
−

k

)

,
k

=
1
,
2
,
...,

n
,

(1
6
)

w
h
ich

p
ro
v
es

th
e
co

n
v
ex

ity
o
f
f
0 (n

,
p
,
0
)
ev

ery
w
h
ere.

T
h
e
m
in
im

u
m

o
f
f
0 (n

,
p
,
0
)
is

tak
en

at

p
=

1
/
2
,
w
h
ile

th
e
lo
catio

n
s
o
f
th
e
m
ax

im
u
m

are
0
an

d
1
sin

ce
th
e
fu
n
ctio

n
is

sy
m
m
etric

ab
o
u
t

p
=

1
/
2
b
y
T
h
eo

rem
2
.1
.

N
o
te

th
at

E
q
u
atio

n
(1
6
)
can

b
e
v
erifi

ed
b
y
fi
n
d
in
g
th
at

(2
(n

+
2
)N

−
(2

n
+

1
))(2

(n
+

2
)N

2−
(2

n
+

3
)(1

+
4
1

2)N
+

8
(n

+
1
)1

2)

is
an

an
n
ih
ilatin

g
o
p
erato

r
(cf.[6

,7
]),u

sin
g
Z
eilb

erg
er’s

alg
o
rith

m
[6
]
b
y
callin

g
th
e
Z
b
fu
n
ctio

n
o
f

th
e
Z
b
o
r
th
e
certifi

cate
fi
n
d
in
g
F
i
n
d
R
e
c
u
r
r
e
n
c
e
fu
n
ctio

n
o
f
th
e
M
u
l
t
i
S
u
m
[7
]
M

ath
em

atica

p
ack

ag
e,

fo
r

n
∑k=

1

1

2
2
n−

2
k

(

2
k

−
1

k

)
(

2
n

−
2
k

n
−

k

)

1
2
k

=
(

2
nn

)

2
2
n+

1

(

−
1

+
2 F

1

(

12
,−

n
,
12

−
n
,
(2

1
)
2

)
)

,
(1
7
)

w
ith

N
b
ein

g
th
e
fo
rw

ard
sh

ift
o
p
erato

r
w
ith

resp
ect

to
n
.
It

also
an

n
ih
ilates

th
e
d
o
u
b
le

su
m

f
0 (n

,
p
,
0
)−

c
0 (n

,
0
)
w
h
ich

can
b
e
n
u
m
erically

v
erifi

ed
fo
r
p
articu

lar
v
alu

es
o
f
n
.
(N

o
te

th
at

th
e

left
facto

r
o
f
th
e
an

n
ih
ilato

r
ch

an
g
es

to
N

−
1
if

w
e
in
clu

d
e
th
e
co

n
stan

t
term

,
in
d
icatin

g
th
at

th
e
rig

h
t
facto

r
an

n
ih
ilates

th
e
su

m
s
u
p
to

an
in
h
o
m
o
g
en

eo
u
s
p
art

w
h
ich

is
free

o
f
n
;
in

fact,
it

is
(1

−
4
x
2)/

2
.)

T
h
e
sy

m
b
o
lic

v
erifi

catio
n
can

b
e
effectiv

ely
d
o
n
e
b
y
th
e
latest

v
ersio

n
o
f
th
e

M
ath

em
atica

p
ack

ag
e
S
i
g
m
a
as

it
w
as

p
o
in
ted

o
u
t
b
y
S
ch

n
eid

er
[8
].
T
h
e
p
ro
o
f
is

co
m
p
lete

after

co
m
p
arin

g
th
e
in
itial

v
alu

es
o
f
E
q
u
atio

n
(1
7
)
an

d
th
e
d
o
u
b
le

su
m

f
0 (n

,
p
,
0
)−

c
0 (n

,
0
)
b
ased

o
n

F
o
rm

u
la

(1
3
).

¥
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Jo
u
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a

l
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ta
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l
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o
m

p
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ta
tio

n
a

n
d

S
im

u
la

tio
n

1
3
4
3

W
e
n
o
te

th
at

fo
r
d

=
0
,
F
o
rm

u
la

(1
3
)
sim

p
lifi

es
to

f
0 (n

,
p
,
0
)=

(1
−

2
1

)
2
n

2
2
n

n
∑k=

0

n
∑j=

0

(

nk

)
(

n

k
+

j

)
(

2
1

+
1

1
−

2
1

)

2
k+

j

.

W
e
ad

d
th
at

E
q
u
atio

n
(1
2
)
also

im
p
lies

th
at

c
2
k (n

,
1
)=

−
c
2
k (n

,
0
),

k
≥

1
,an

d
th
u
s,f

1 (n
,
p
,
0
)

b
eco

m
es

co
n
cav

e
d
o
w
n
at

p
=

1
/
2
.

N
o
te

th
at

fo
r
d

=
n
it
is

straig
h
tfo

rw
ard

to
p
ro
v
e
th
e
fo
llo

w
in
g
th
eo

rem
.

T
h

e
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